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ON THE ANTICYCLOTOMIC IWASAWA THEORY OF RATIONAL ELLIPTIC
CURVES AT EISENSTEIN PRIMES
FRANCESC CASTELLA, GIADA GROSSI, JAEHOON LEE, AND CHRISTOPHER SKINNER
Abstract. Let E/Q be an elliptic curve, and p a prime where E has good reduction, and assume that E
admits a rational p-isogeny. In this paper, we study the anticyclotomic Iwasawa theory of E over an imaginary
quadratic field in which p splits, which we relate to the anticyclotomic Iwasawa theory of characters following
the method of Greenberg–Vatsal. As a result of our study, we obtain a proof, under mild hypotheses, of
Perrin-Riou’s Heegner point main conjecture, as well as a p-converse to the theorem of Gross–Zagier and
Kolyvagin and the p-part of the Birch–Swinnerton-Dyer formula in analytic rank 1 for Eisenstein primes p.
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Introduction
0.1. Statement of the main results. Let E/Q be an elliptic curve, and p a prime of good reduction for
E. We say that p is an Eisenstein prime (for E) if the GQ-module E[p] is reducible, where GQ = Gal(Q/Q)
is the absolute Galois group of Q and E[p] denotes the p-torsion of E. Equivalently, p is an Eisenstein prime
if E admits a rational p-isogeny. By a result of Fontaine (see [Edi92] for an account), Eisenstein primes are
primes of ordinary reduction for E, and by Mazur’s results [Maz78] in fact p ∈ {3, 5, 7, 13, 37}. In this paper,
we study the anticyclotomic Iwasawa theory of E at Eisenstein primes p over an imaginary quadratic field in
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which p splits. We restrict to the elliptic curve case largely for simplicity, and it should be noted that our
methods apply more generally to the case of elliptic modular forms.
Thus let p be an Eisenstein prime for E, and let K be an imaginary quadratic field such that
(spl) p = vv¯ splits in K.
Denoting by N the conductor of E, assume also that K satisfies the following Heegner hypothesis :
(Heeg) every prime ℓ|N splits in K.
Let Γ = Gal(K∞/K) be the Galois group of the anticyclotomic Zp-extension K∞ of K, and set
Λ := ZpJΓK, Λ
ur := Λ⊗ˆZpZurp ,
where Zurp denotes the completion of the ring of integers of the maximal unramified extension of Qp. Under
these hypotheses, the anticyclotomic Iwasawa main conjecture for E can be formulated in two different guises.
To recall the formulations, fix a modular parametrization
π : X0(N)→ E,
and for any subfield L ⊂ Q let Selpm(E/L) be the Selmer group fitting into the descent exact sequence
E(L)⊗Z Z/pmZ→ Selpm(E/L)→W(E/L)[pm]→ 0.
Via π, the Kummer images of Heegner points on X0(N) over the ring class fields Kn of K of p-power conductor
give rise to a class κHg1 ∈ S, where
S := lim←−
n
lim←−
m
Selpm(E/Kn),
which is known to not be Λ-torsion by results of Cornut and Vatsal [Cor02], [Vat03]. Let X be the Pontryagin
dual of the Selmer group Selp∞(E/K∞) = lim−→m lim−→n Selpm(E/Kn).
The first formulation of the anticyclotomic main conjecture for E was given by Perrin-Riou [PR87]. Let
f ∈ S2(Γ0(N)) be the newform associated to E, so that L(f, s) = L(E, s), and let cE ∈ Z be such that
π∗(ωE) = cE · 2πif(τ)dτ , for ωE a Ne´ron differential on E.
Conjecture A. Let E/Q be an elliptic curve and p a prime of good ordinary reduction for E, and let K be
an imaginary quadratic field satisfying (Heeg). Then S and X both have Λ-rank one, and
charΛ(Xtors) =
1
c2Eu
2
K
· charΛ
(S/ΛκHg1 )2,
where Xtors denotes the Λ-torsion submodule of X, and uK = #(O×K)/2.
Note that Conjecture A allows p to be inert or ramified in K. On the other hand, if both (Heeg) and (spl)
hold, and also
(disc) the discriminant DK of K is odd and DK 6= −3,
following the work of Bertolini–Darmon–Prasanna [BDP13], there is a p-adic L-function LE ∈ Λur defined by
the interpolation of central critical values of f/K twisted by certain characters of Γ of infinite order. Let XE
be the Pontryagin dual of the Selmer group obtained from Selp∞(E/K∞) ⊂ H1(K∞, E[p∞]) by relaxing (resp.
imposing triviality) at the places above v (resp. v¯), where v is the prime of K above p induced by a fixed
embedding Q →֒ Qp. A second formulation of the anticyclotomic Iwasawa main conjectures for E then arises
as a special case of Greenberg’s main conjectures [Gre94].
Conjecture B. Let E/Q be an elliptic curve and p a prime of good ordinary reduction for E, and let K be
an imaginary quadratic field satisfying (Heeg), (spl), and (disc). Then XE is Λ-torsion, and
charΛ
(
XE
)
Λur =
(LE)
as ideals in Λur.
To state our main results on Conjectures A and B for Eisenstein primes p, write
E[p]ss = Fp(φ)⊕ Fp(ψ),
where φ, ψ : GQ → F×p are characters. It follows from the Weil pairing that ψ = ωφ−1, where ω is the
Teichmu¨ller character. Let Gp ⊂ GQ be a decomposition group at p.
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Our most complete results towards Conjectures A and B are proved under the additional hypothesis that
(Sel) the Zp-corank of Selp∞(E/K) is 1.
Theorem C. Let E/Q be an elliptic curve, p > 2 an Eisenstein prime for E, and K an imaginary quadratic
field satisfying (Heeg), (spl), (disc), and (Sel). Assume in addition that φ|Gp 6= 1, ω. Then Conjecture B
holds.
As first observed in [Cas13] and [Wan14] (see also [Cas17, App.]), when p splits in K, Conjecture B and
Conjecture A are essentially equivalent. Thus Theorem C also yields the following result.
Corollary D. Under the hypotheses of Theorem C, both S and X have Λ-rank one, and
charΛ(Xtors) =
1
c2Eu
2
K
· charΛ
(S/ΛκHg1 )2.
In other words, Conjecture A holds.
With a judicious choice of K, Theorem C also has applications to the arithmetic over Q of rational elliptic
curves. Specifically, for Eisenstein prime p, we obtain a p-converse to the celebrated theorem
(0.1) ords=1 L(E, s) = 1 =⇒ rankZE(Q) = 1 and #W(E/Q) <∞,
of Gross–Zagier and Kolyvagin. (The case of Eisenstein primes eluded the methods of [Ski20,Zha14,JSW17],
which require E[p] to be absolutely irreducible as a GQ-module.)
Theorem E. Let E/Q be an elliptic curve, and p > 2 an Eisenstein prime for E, so that E[p]ss = Fp(φ) ⊕
Fp(ψ) as GQ-modules, and assume that φ|Gp 6= 1, ω. Then the following implication holds:
corankZpSelp∞(E/Q) = 1 =⇒ ords=1L(E, s) = 1,
and so rankZE(Q) = 1 and #W(E/Q) <∞.
Note that if rankZE(Q) = 1 and #W(E/Q)[p
∞] <∞ then corankZpSelp∞(E/Q) = 1, whence the p-converse
to (0.1). We also note that for p = 3, Theorem E together with the recent work of Bhargava–Klagsbrun–Lemke–
Shnidman [BKLOS19] on the average 3-Selmer rank for abelian varieties in quadratic twist families, improves
on the best known results towards Goldfeld’s conjecture [Gol79] for elliptic curves E/Q admitting a rational
3-isogeny (see Corollary 5.2.3 and Remark 5.2.4).
Another application of Theorem C is the following.
Theorem F. Under the hypotheses of Theorem E, assume in addition that φ is either ramified at p and odd,
or unramified at p and even. If ords=1L(E, s) = 1, then
ordp
(
L′(E, 1)
Reg(E/Q) · ΩE
)
= ordp
(
#W(E/Q)
∏
ℓ∤∞
cℓ(E/Q)
)
,
where
• Reg(E/Q) is the regulator of E(Q),
• ΩE =
∫
E(R) |ωE | is the Ne´ron period associated to the Ne´ron differential ωE, and
• cℓ(E/Q) is the Tamagawa number of E at the prime ℓ.
In other words, the p-part of the Birch–Swinnerton-Dyler formula for E holds.
0.2. Method of proof and outline of the paper. Let us explain some of the ideas that go into the proof
of our main results, beginning with the proof of Theorem C. As in [GV00], our starting point is Greenberg’s
old observation [Gre77] that a “main conjecture” should be equivalent to an imprimitive one. More precisely,
in the context of Theorem C, for Σ any finite set of non-archimedean primes of K not containing any of the
primes above p, this translates into the expectation that the Selmer group XΣE, obtained by relaxing the local
condition defining (the Pontryagin dual of) XE at the primes w ∈ Σ, is Λ-torsion with
(0.2) charΛ
(
XΣE
)
Λur
?
=
(LΣE)
as ideals in Λur, where LΣE := LE ·
∏
w∈Σ Pw(E) for certain elements in Pw(E) ∈ Λ interpolating (for varying
characters of Γ) the Euler factor of L(E/K, s) at w evaluated s = 1.
A key advantage of the imprimitive main conjecture (0.2) is that (unlike the original conjecture), for suitable
choices of Σ, its associated Iwasawa invariants are well-behaved with respect to congruences mod p. Identifying
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Λ with the power series ring ZpJT K by setting T = γ− 1 for a fixed topological generator γ ∈ Γ, recall that by
the Weierstrass preparation theorem, every nonzero g ∈ Λ can be uniquely written in the form
g = u · pµ ·Q(T ),
with u ∈ Λ×, µ = µ(g) ∈ Z>0, and Q(T ) ∈ Zp[T ] a distinguished polynomial of degree λ(g). The constants
λ and µ are the so-called Iwasawa invariants of g. For a torsion Λ-module X we let λ(X) and µ(X) be the
Iwasawa invariants of a characteristic power series for X, and for a nonzero L ∈ Λur we let λ(L) and µ(L) be
the Iwasawa invariants of any element of Λ generating the same Λur-ideal as L.
As a first step towards Theorem C, we deduce from the GQ-module isomorphism E[p]
ss = Fp(φ) ⊕ Fp(ψ)
that, taking Σ to consist of primes that are split in K and containing all the primes of bad reduction for E,
the module XΣE is Λ-torsion with
(0.3) µ
(
XΣE
)
= 0 and λ
(
XΣE
)
= λ
(
XΣφ
)
+ λ
(
XΣψ
)
,
where XΣφ and X
Σ
ψ are anticyclotomic Selmer groups (closely related to the Pontryagin dual of certain class
groups) for the Teichmu¨ller lifts of φ and ψ, respectively. The proof of (0.3), which takes up in §1, uses Rubin’s
work [Rub91] on the Iwasawa main conjecture for imaginary quadratic fields and Hida’s work [Hid10] on the
vanishing of the µ-invariant of p-adic Hecke L-functions.
On the other hand, in §2 we deduce from the main result of [Kri16] that for such Σ one also has
(0.4) µ
(LΣE) = 0 and λ(LΣE) = λ(LΣφ )+ λ(LΣψ),
where LΣφ and LΣψ are Σ-imprimitive anticyclotomic Katz p-adic L-functions attached to φ and ψ.
With equalities (0.3) and (0.4) in hand, it follows easily that to prove the equality of characteristic ideals
in Conjecture B it suffices to prove one of the predicted divisibilities, possibly in Λ[1/p]. In §3, by an ex-
tension of Howard’s Kolyvagin system arguments [How04] to the residually reducible setting, we prove one
of the divisibilities in Conjecture A. This yields a corresponding divisibility in (0.2), from where the proof of
Theorem C follows easily. The details of the final argument, and the deduction of Corollary D, are given in
§4. The additional hypothesis (Sel) is required to circumvent the growth of the ‘error term’ in our extension
of Howard’s Kolyvagin system arguments in the cases of twists by anticyclotomic characters p-adically close
to the trivial character.
Finally, the proofs of Theorem E and Theorem F are given in §5, and they are both obtained as an
application of Theorem C for a suitablely chosen K. In particular, for the proof of Theorem F we need to
know the p-part of the Birch–Swinnerton-Dyler formula in analytic rank 0 for the quadratic twist EK ; this is
deduced in Theorem 5.1.4 from the results of Greenberg–Vatsal [GV00], and is responsible for the additional
hypotheses on φ placed in Theorem F.
0.3. Examples. To illustrate Theorem F, take p = 5 and consider the elliptic curve
J : y2 + y = x3 + x2 − 10x+ 10.
The curve J has conductor 123 and analytic rank 1, and satisfies J [5]ss = Z/5Z ⊕ µp as GQ-modules (J has
a rational 5-torsion point). If ψ is an even quadratic character such that ψ(5) = −1, corresponding to a real
quadratic field Q(
√
c) in which 5 is inert, then the twist E = Jc of J by ψ satisfies the hypotheses of Theorem E
with p = 5. Since the root number of J is −1 (being of analytic rank one), by [FH95, Thm. B.2] we can find
infinitely many ψ as above for which the associated twist E = Jc also has analytic rank one, and therefore for
which Theorem F applies.
One can proceed similarly for p = 3 (resp. p = 7), taking real quadratic twists of, for example, the elliptic
curve y2 + y = x3 + x2 − 7x+ 5 of conductor 91 (resp. y2 + xy+ y = x3 − x2 − 19353x+ 958713 of conductor
574). For p = 13 (resp. p = 37), one can do the same, possibly choosing the quadratic character to be odd
and/or imposing conditions at some bad primes depending on the character describing the kernel of the isogeny
(which is not trivial in these cases) in order to apply [FH95, Thm. B.2]. One could consider, for example,
twists of the elliptic curve y2 + y = x3 − 21x+ 40 of conductor 441 (resp. y2 + xy + y = x3 + x2 − 8x+ 6 of
conductor 1225).
We also note that, for each of the four primes primes above, p = 3, 5, 7, 13, there are infinitely many distinct
j-invariants to which Theorem F applies, as X0(p) has genus 0 in these cases.
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0.4. Relation to previous works. Results in the same vein as (0.3) and (0.4) were first obtained by
Greenberg–Vatsal [GV00] in the cyclotomic setting; combined with Kato’s Euler system divisibility [Kat04],
these results led to their proof of the cyclotomic Iwasawa main conjecture for rational elliptic curves at Eisen-
stein primes p (under some hypotheses on the kernel of the associated rational p-isogeny). This paper might be
seen as an extension of the Greenberg–Vatsal method for Eisenstein primes to the anticyclotomic setting. The
ensuing applications to the p-converse of the Gross–Zagier–Kolyvagin theorem (Theorem E) and the p-part
of the Birch–Swinnerton-Dyer formula in analytic rank 1 (Theorem F) covers primes p that were either left
untouched by the recent works in these directions [Ski20,Ven16,BBV16, Zha14, SZ14, JSW17,Cas18,BPS18]
(where p is assumed to be non-Eisenstein), or extending previous works [Tia14,CLTZ15,CCL18] (p = 2), [KL19]
(p = 3), [BT20] (CM cases).
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2018 Arizona Winter School on Iwasawa theory, and we would like to thank the organizers for making possible
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supported by the Engineering and Physical Sciences Research Council [EP/L015234/1], the EPSRC Centre for
Doctoral Training in Geometry and Number Theory (The London School of Geometry and Number Theory),
University College London; C.S. was partially supported by the Simons Investigator Grant #376203 from the
Simons Foundation and by the NSF grant DMS-1901985.
1. Algebraic side
In this section we prove Theorem 1.5.1 below, relating the anticyclotomic Iwasawa invariants of an elliptic
curve E/Q at a prime p with E[p]ss = Fp(φ)⊕F(ψ) to the anticyclotomic Iwasawa invariants of the characters
φ and ψ.
Throughout, we fix a prime p > 2 and an embedding ιp : Q →֒ Qp, and let K ⊂ Q be an imaginary
quadratic field in which p = vv¯ splits, with v the prime of K above p induced by ιp. We also fix and imbedding
ι∞ : Q →֒ C.
Let GK = Gal(Q/K) ⊂ GQ = Gal(Q/Q), and for each place w of K let Iw ⊂ Gw ⊂ GK be corresponding
inertia and decomposition groups. Let Frobw ∈ Gw/Iw be the arithmetic Frobenius. For the prime v | p we
assume Gv is chosen so that is identified with Gal(Qp/Qp) via ιp.
Let Γ = Gal(K∞/K) be the Galois group of the anticyclotomic Zp-extension K∞ of K, and let Λ = ZpJΓK
be the anticyclotomic Iwasawa algebra. We shall often identify Λ with the power series ring ZpJT K by setting
T = γ − 1 for a fixed topological generator γ ∈ Γ.
1.1. Local cohomology groups of characters. Let
θ : GK → F×p
be a character whose conductor is only divisible by primes that are split in K. Via the Teichmu¨ller lift
F×p →֒ Z×p , we shall also view θ as taking values in Z×p . Set
Mθ = Zp(θ)⊗Zp Λ∨,
where (−)∨ = Homcts(−,Qp/Zp) for topological Zp-modules. The module Mθ is equipped with a GK-action
via θ ⊗Ψ−1, where Ψ : GK → Λ× is the character arising from the projection GK ։ Γ.
In this section, we study the local cohomology of Mθ at various primes w of K.
1.1.1. w ∤ p split in K. Let w be a prime of K lying over a prime ℓ 6= p split in K, and let Γw ⊂ Γ be the
corresponding decomposition group. Let γw ∈ Γw be the image of Frobw, and set
(1.1) Pw(θ) = Pw(ℓ−1γw) ∈ Λ,
where Pw = det(1− FrobwX |Qp(θ)Iw ) is the Euler factor at w of the L-function of θ.
Lemma 1.1.1. The module H1(Kw,Mθ)
∨ is Λ-torsion with
charΛ(H
1(Kw,Mθ)
∨) = (Pw(θ)).
In particular, H1(Kw,Mθ)
∨ has µ-invariant zero.
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Proof. Since ℓ splits in K, it follows from class field theory that the index [Γ : Γw] is finite (i.e., w is finitely
decomposed in K∞/K). Thus the argument proving [GV00, Prop. 2.4] can be immediately adapted to yield
this result.
1.1.2. w | p split in K. Recall that we assume that p = vv¯ splits in K. We begin by recording the following
commutative algebra lemma, which shall also be used later in the paper.
Lemma 1.1.2. Let X be a finitely generated Λ-module satisfying the following two properties:
• X [T ] = 0,
• X/TX is a free Zp-module of rank r.
Then X is a free Λ-module of rank r.
Proof. From Nakayama’s lemma we obtain a surjection π : Λr ։ X which becomes an isomorphism π¯ after
reduction modulo T . Letting K = ker(π), from the snake lemma we deduce the exact sequence
0→ K/TK → (Λ/TΛ)r π¯−→ X/TX → 0.
Thus K/TK = 0, and so K = 0 by Nakayama’s lemma.
Let ω : GQ → F×p be the mod p cyclotomic character. Let w be a prime of K above p.
Proposition 1.1.3. Assume that θ|Gw 6= 1, ω. Then:
(i) The restriction map
rw : H
1(Kw,Mθ)→ H1(Iw ,Mθ)Gw/Iw
is an isomorphism.
(ii) H1(Kw,Mθ) is Λ-cofree of rank 1.
Proof. The map rw is clearly surjective, so it suffices to show injectivity. Since Gw/Iw is pro-cyclic,
ker(rw) ≃M Iwθ /(Frobw − 1)M Iwθ ,
where Frobw is a Frobenius element at w. Taking Pontryagin duals to the exact sequence
0→MGwθ →M Iwθ
Frobw−1−−−−−−→M Iwθ →M Iwθ /(Frobw − 1)M Iwθ → 0
and using the vanishing of MGwθ (which follows from θ|Gw 6= 1) we deduce a Λ-module surjection
(1.2) (M∨θ )Iw ։ (M
∨
θ )Iw ,
hence an isomorphism (by the Noetherian property of Λ). Since the kernel of (1.2) is isomorphic to ker(rw)
∨,
(i) follows.
For (ii), in light of Lemma 1.1.2, letting
X := H1(Kw,Mθ)
∨,
it suffices to show that X [T ] = 0 and the quotient X/TX is Zp-free of rank 1. Taking cohomology for the
exact sequence 0→ Qp/Zp(θ)→Mθ ×T−−→Mθ → 0 we obtain
(1.3)
H1(Kw,Mθ)
TH1(Kw,Mθ)
= 0, H1(Kw,Qp/Zp(θ)) ≃ H1(Kw,Mθ)[T ],
using that H2(Kw,Mθ) = 0 (which follows from θ|Gw 6= ω) for the first isomorphism and H0(Kw,Mθ) = 0 for
the second. The first isomorphism shows that X [T ] = 0. On the other hand, taking cohomology for the exact
sequence 0→ Fp(θ)→ Qp/Zp(θ) p−→ Qp/Zp(θ)→ 0 and using that θ|Gw 6= ω we obtain
H1(Kw,Qp/Zp(θ))
pH1(Kw,Qp/Zp(θ))
≃ H2(Kw,Fp(θ)) = 0,
which together with the second isomorphism in (1.3) shows that X/TX ≃ H1(Kw,Qp/Zp(θ))∨ is Zp-free of
rank 1 (the value of the rank following from the local Euler characteristic formula), concluding the proof of
the proposition.
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1.2. Selmer groups of characters. As in the preceding section, let θ : GK → F×p be a character whose
conductor is only divisible by primes split in K (that is, which are unramified over Q and have degree one).
Let Σ be a finite set of places of K containing ∞ and the primes dividing p or the conductor of θ and such
that every finite place in Σ is split in K, and denote by KΣ the maximal extension of K unramified outside Σ.
Definition 1.2.1. The Selmer group of θ is
H1FGr(K,Mθ) := ker
{
H1(KΣ/K,Mθ)→
∏
w∈Σ,w∤p
H1(Kw,Mθ)×H1(Kv¯,Mθ)
}
,
and letting S = Σ \ {v, v¯,∞}, we define the S-imprimitive Selmer group of θ by
H1FSGr(K,Mθ) := ker
{
H1(KΣ/K,Mθ)→ H1(Kv¯,Mθ)
}
.
Replacing Mθ by Mθ[p] in the above definitions, we obtain the residual Selmer group H
1
FGr(K,Mθ[p]) and its
S-imprimitive variant H1FSGr
(K,Mθ[p]).
It is well-known that the above groups are cofinitely generated over the corresponding Iwasawa algebra (Λ
and Λ/p), and that the Selmer group and residual Selmer groups are independent of the choice of the set Σ as
above.
Our definition of these Selmer groups is slightly different than those considered [GV00] (where the unrami-
fied, rather than strict, local condition is imposed), and is more convenient for our applications. Nonetheless,
as we exploit in the next result, one can show that both definitions give rise to the same Selmer groups under
mild hypotheses on θ by building on the local results in the preceding section.
The following result, combining work of Rubin and Hida plays a key role in the proofs of our main results.
Theorem 1.2.2 (Rubin, Hida). Assume that θ|Gv¯ 6= 1, ω. Then H1FGr(K,Mθ)∨ is a torsion Λ-module with
µ-invariant zero.
Proof. Let Kθ ⊂ Q be the fixed field of ker(θ), and set ∆θ = Gal(Kθ/K). The restriction map
H1(KΣ/K,Mθ)→ H1(KΣ/Kθ,Mθ)∆θ
is an isomorphism (since p ∤ |∆θ|), which combined with Shapiro’s lemma gives rise to an identification
(1.4) H1(KΣ/Kθ,Mθ) ≃ Homcts((XΣ∞)θ,Qp/Zp),
where XΣ∞ = Gal(MΣ∞/K∞Kθ) is the Galois group of the maximal abelian pro-p extension ofK∞Kθ unramified
outside Σ, and (XΣ∞)θ is the θ-isotypic component of XΣ∞ for the action of ∆θ, identified as a subgroup of
Gal(K∞Kθ/K) via the decomposition Gal(K∞Kθ/K) ≃ Γ×∆θ.
Now, by [PW11, Rem. 3.2] (since the primes w ∤ p in Σ are finitely decomposed in K∞/K) and Proposi-
tion 1.1.3(i), the Selmer group H1FGr(K,Mθ) is the same as the one defined by the unramified local conditions,
i.e., as
ker
{
H1(KΣ/K,Mθ)→
∏
w∈Σ,w∤p
H1(Iw,Mθ)
Gv/Iv ×H1(Iv¯,Mθ)Gw/Iw
}
,
and so under the identification (1.4) we obtain
H1FGr(K,Mθ) ≃ Homcts(X θ∞,Qp/Zp)
where X∞ = Gal(M∞/K∞Kθ) is the Galois group of the maximal abelian pro-p extension of K∞Kθ un-
ramified outside v. Thus from the works of Rubin [Rub91], which identifies charΛ(H
1
FGr(K,Mθ)
∨) with an
anticyclotomic p-adic Hecke L-function, and and Hida [Hid10], proving the vanishing of the µ-invariant of
anticyclotomic p-adic Hecke L-functions, we obtain the theorem.
Remark 1.2.3. Following the notations introduced in the proof of Theorem 1.2.2, and letting X sp∞ =
Gal(Msp∞/K∞Kθ) be the Galois group of the maximal abelian pro-p extension of K∞Kθ unramified outside v
and in which the primes above v¯ split completely, Proposition 1.1.3(i) shows X θ∞ = (X sp∞ )θ.
The next result will be used to understand the Iwasawa invariants of the p-adic Selmer group of θ in terms
of the residual Selmer group.
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Lemma 1.2.4. Assume that θ|Gv¯ 6= 1. Then
H1FSGr(K,Mθ[p]) ≃ H
1
FSGr(K,Mθ)[p].
Proof. The hypothesis on θ implies in particular that H0(K,Fp(θ)) = 0, and so H
0(K,Mθ) = 0. Thus the
natural map
H1(K,Mθ[p])→ H1(K,Mθ)[p]
induced by multiplication by p on Mθ is an isomorphism. To conclude it suffices to check that the natural
map rv¯ : H
1(Kv¯,Mθ[p]) → H1(Kv¯,Mθ)[p] is an injection, but since H0(Kv¯,Fp(θ)) = 0 by the hypothesis, the
same argument as above shows that rv¯ is an isomorphism.
Let
XSθ := H
1
FSGr(K,Mθ)
∨ and Xθ := H1FGr(K,Mθ)
∨,
and recall the element Pw(θ) ∈ Λ introduced in (1.1).
Proposition 1.2.5. Assume that θ|Gv¯ 6= 1, ω. Then XSθ is a torsion Λ-module with µ-invariant zero and its
λ-invariant satisfies
λ
(
XSθ
)
= λ
(
Xθ
)
+
∑
w∈Σ,w∤p
λ
(Pw(θ)).
Moreover, H1FSGr
(K,Mθ[p]) is finite and
dimFp
(
H1FSGr(K,Mθ[p])
)
= λ
(
XSθ
)
.
Proof. Since Xθ is Λ-torsion by Theorem 1.2.2 and the Cartier dual Hom(Qp/Zp(θ), µp∞) has no non-trivial
GK∞ -invariants, from [PW11, Prop. A.2] we obtain that the restriction map in the definition of H
1
FGr(K,Mθ)
is surjective, and so the sequence
(1.5) 0→ H1FGr(K,Mθ)→ H1(KΣ/K,Mθ)→
∏
w∈Σ,w∤p
H1(Kw,Mθ)×H1(Kv¯,Mθ)→ 0
is exact. From the definitions, this readily yields the exact sequence
(1.6) 0→ H1FGr(K,Mθ)→ H1FSGr(K,Mθ)→
∏
w∈S
H1(Kw,Mθ)→ 0,
which combined with Theorem 1.2.2 and Lemma 1.1.1 gives the first part of the Proposition.
For the second part, note that H2(KΣ/K,Mθ) = 0. (Indeed, by the Euler characteristic formula, the
Λ-cotorsionness of H1FGr(K,Mθ) implies that H
2(KΣ/K,Mθ) is Λ-cotorsion; being Λ-cofree, as follows imme-
diately from the fact that Gal(KΣ/K) has cohomological dimension 2, it must vanish.) Thus from the long
exact sequence in cohomology induced by 0→ Qp/Zp(θ)→Mθ ×T−−→Mθ → 0 we obtain the isomorphism
H1(KΣ/K,Mθ)
TH1(KΣ/K,Mθ)
≃ H2(KΣ/K,Qp/Zp(θ)).
Since H2(KΣ/K,Qp/Zp(θ)) is Zp-cofree (because Gal(K
Σ/K) has cohomomogical dimension 2), it follows
that H1(KΣ/K,Mθ)
∨ has no nonzero pseudo-null Λ-submodules, and since (1.5) and (1.6) readily imply that
XSθ ≃
H1(KΣ/K,Mθ)
∨
H1(Kv¯,Mθ)∨
as Λ-modules, by Proposition 1.1.3(iii) and [GV00, Lem. 2.6] we conclude that also XSθ has no nonzero pseudo-
null Λ-submodules. Finally, since XSθ is Λ-torsion with µ-invariant zero by Theorem 1.2.2, the finiteness of
H1FSGr
(K,Mθ)[p] (and therefore of H
1
FSGr
(K,Mθ[p]) by Lemma 1.2.4) follows from the structure theorem. It also
follows that XSθ is a finitely generated Zp-module, and since X
S
θ has no nonzero pseudo-null Λ-submodules, we
conclude that XSθ is a free Zp-modules and hence that H
1
FSGr
(K,Mθ) is divisible. In particular,
H1FSGr(K,Mθ) ≃ (Qp/Zp)
λ,
where λ = λ(XSθ ), which clearly implies the final formula for the λ-invariant.
The following corollary will be used crucially in the next section.
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Corollary 1.2.6. Assume that θ|Gv¯ 6= 1, ω. Then H2(KΣ/K,Mθ[p]) = 0 and the sequence
0→ H1FSGr(K,Mθ[p])→ H
1(KΣ/K,Mθ[p])→ H1(Kv¯,Mθ[p])→ 0
is exact.
Proof. In the course of the proof of Proposition 1.2.5 we showed that H2(KΣ/K,Mθ) = 0, and so the coho-
mology long exact sequence induced attached to multiplication by p on Mθ yields an isomorphism
(1.7)
H1(KΣ/K,Mθ)
pH1(KΣ/K,Mθ)
≃ H2(KΣ/K,Mθ[p]).
On the other hand, from the exactness of (1.5) we deduce the exact sequence
(1.8) 0→ H1FSGr(K,Mθ)→ H
1(KΣ/K,Mθ)→ H1(Kv¯,Mθ)→ 0.
Since we also showed in that proof that H1FSGr
(K,Mθ) is divisible, and H
1(Kv¯,Mθ) is Λ-cofree by Proposi-
tion 1.1.3(ii), it follows from (1.8) that H1(KΣ/K,Mθ)
∨ has no p-torsion, and so
H2(KΣ/K,Mθ[p]) = 0
by (1.7), giving the first claim in the statement.
For the second claim, consider the commutative diagram
0 H1FSGr
(K,Mθ) H
1(KΣ/K,Mθ) H
1(Kv¯,Mθ) 0
0 H1FSGr
(K,Mθ) H
1(KΣ/K,Mθ) H
1Kv¯,Mθ) 0,
p p p
where the vertical maps are the natural ones induced by multiplication by p on Mθ. Since H
1
FSGr
(K,Mθ) is
divisible, the snake lemma applied to this diagram yields the exact sequence
0→ H1FSGr(K,Mθ)[p]→ H
1(KΣ/K,Mθ)[p]→ H1(Kv¯,Mθ)[p]→ 0,
which by Lemma 1.2.4 (and the natural isomorphisms shown in its proof) is identified with the exact sequence
in the statement.
1.3. Local cohomology groups of E. Now we let E/Q be an elliptic curve of conductor N with good
reduction at p and admitting a rational p-isogeny. The GQ-module E[p] is therefore reducible, fitting into an
exact sequence
(1.9) 0→ Fp(φ)→ E[p]→ Fp(ψ)→ 0,
where φ, ψ : GQ → F×p are characters such that φψ = ω by the Weil pairing. We assume that every prime ℓ|N
splits in K and continue to assume that p = vv¯ splits in K, so the results of the preceding sections can be
applied to the restrictions of φ and ψ to GK .
Let T = TpE be the p-adic Tate module of E, and denote by ME the GK-module
ME := T ⊗Zp Λ∨,
where the tensor product is endowed with the diagonal GK-action (and the action on Λ
∨ is via Ψ−1, as before).
Lemma 1.3.1. Let w be a prime of K above p, and assume that E(Kw)[p] = 0. Then H
1(Kw,ME) is Λ-cofree
of rank 2.
Proof. The proof is virtually the same as the proof of Proposition 1.1.3(ii). Letting X := H1(Kw,ME)
∨, by
Lemma 1.1.2 it suffices to show that X [T ] = 0 and X/TX is Zp-free of rank 2. The hypotheses imply that
E(Kw)[p
∞] = 0, and so H2(Kw, E[p∞]) = 0 by local duality. Taking cohomology for the exact sequence
0→ E[p∞]→ME ×T−−→ME → 0
it follows that
(1.10)
H1(Kw,ME)
TH1(Kw,ME)
≃ H2(Kw, E[p∞]) = 0, H1(Kw, E[p∞]) ≃ H1(Kw,ME)[T ].
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The first isomorphism shows that X [T ] = 0. On the other hand, taking cohomology for the exact sequence
0→ E[p]→ E[p∞] p−→ E[p∞]→ 0 we obtain
H1(Kw, E[p
∞])
pH1(Kw, E[p∞])
≃ H2(Kw, E[p]) = 0,
which together with the second isomorphism in (1.10) shows that X/TX ≃ H1(Kw, E[p∞])∨ is Zp-free. That
its rank is 2 follows from the local Euler characteristic formula.
1.4. Selmer groups of E. Fix a finite set Σ of places of K containing∞ and the primes above Np, and such
that the finite places in Σ are all split in K.
Similarly as in §1.2, we define a Selmer group for E by
H1FGr(K,ME) := ker
{
H1(KΣ/K,ME)→
∏
w∈Σ,w∤p
H1(Kw,ME)×H1(Kv¯,ME)
}
,
and an S-imprimitive Selmer group, where S = Σ \ {v, v¯,∞}, by
H1FSGr(K,ME) := ker
{
H1(KΣ/K,ME)→ H1(Kv¯,ME)
}
.
The residual Selmer groups H1FGr(K,ME [p]) and H
1
FSGr
(K,ME[p]) are defined in the same manner.
Viewing the characters φ and ψ appearing in the exact sequence (1.9) as taking values in Z×p via the
Teichmu¨ller lift, we obtain an exact sequence
(1.11) 0→Mφ[p]→ME[p]→Mψ[p]→ 0
of Gal(KΣ/K)-modules. Let Gp ⊂ GQ be a decomposition group at p.
Proposition 1.4.1. Assume that φ|Gp 6= 1, ω. Then (1.11) induces a natural exact sequence
0→ H1FSGr(K,Mφ[p])→ H
1
FSGr(K,ME [p])→ H
1
FSGr(K,Mψ[p])→ 0.
In particular, H1FSGr
(K,ME [p]) is finite, and
dimFp
(
H1FSGr(K,ME[p])
)
= λ(XSφ) + λ(X
S
ψ).
Proof. Taking cohomology for the exact sequence (1.11) we obtain the commutative diagram
0 H1(KΣ/K,Mφ[p]) H
1(KΣ/K,ME[p]) H
1(KΣ/K,Mψ[p]) 0
0 H1(Kv¯,Mφ[p]) H
1(Kv¯,ME [p]) H
1(Kv¯,Mψ[p]) 0,
where the exactness of the rows follows immediately from Corollary 1.2.6 and the hypothesis on φ (which
implies that ψ|Gp 6= 1, ω as well), and the vertical maps are given by restriction. Since the left vertical arrow
is surjective by Corollary 1.2.6, the snake lemma applied to this diagram yields the exact sequence in the
statement. The last claim now follows from the last claim of Proposition 1.2.5.
Now we can relate the imprimitive residual and p-adic Selmer groups. Set
XSE := H
1
FSGr(K,ME)
∨, XE := H1FGr(K,ME)
∨.
Proposition 1.4.2. Assume that φ|Gp 6= 1, ω. Then
H1FSGr(K,ME [p]) ≃ H
1
FSGr(K,ME)[p].
Moreover, the modules XSE and XE are both Λ-torsion with µ = 0.
Proof. Since ψ = ωφ−1, our assumption on φ implies that E(Kv¯)[p] = 0, and therefore H0(Kv¯,ME) = 0. Thus
the same argument as in the proof of Lemma 1.2.4 yields the isomorphism in the statement. It follows from
Proposition 1.4.1 that H1FSGr
(K,ME)[p] is finite, and so X
S
E is Λ-cotorsion with µ = 0. Since XE is a quotient
of XSE , this completes the proof.
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Now we can deduce the following analogue of Proposition 1.2.5 for ME .
Corollary 1.4.3. Assume that φ|Gp 6= 1, ω. Then XSE has no non-trivial finite Λ-submodules, and
λ
(
XSE
)
= dimFp
(
H1FSGr(K,ME [p])
)
.
Proof. SinceM∗E = Hom(ME , µp∞) has no non-trivial GK-invariants and X
S
E is Λ-torsion by Proposition 1.4.2,
from [PW11, Prop. A.2] we deduce that the sequence
(1.12) 0→ H1FGr(K,ME)→ H1(KΣ/K,ME)→
∏
w∈Σ,w∤p
H1(Kw,ME)×H1(Kv¯,ME)→ 0
is exact. Proceeding as in the proof of Proposition 1.2.5, we see that the Λ-torsionness of XE implies that
H2(KΣ/K,ME) = 0 and that H
1(KΣ/K,ME)
∨ has no nonzero pseudo-null Λ-submodules. The exactness of
(1.12) readily implies a Λ-module isomorphism
XSE ≃
H1(KΣ/K,ME)
∨
H1(Kv¯,ME)∨
.
Since H1(Kv¯,ME) is Λ-cofree by Lemma 1.3.1, we thus conclude from [GV00, Lem. 2.6] that X
S
E has no
nonzero finite Λ-submodules. Together with the isomorphism H1FSGr
(K,ME [p]) ≃ H1FSGr(K,ME)[p] of Proposi-
tion 1.4.2, the last claim in the statement of the corollary follows from this.
Finally, we note that as in Lemma 1.1.1, one can show that for primes w ∤ p split in K, the module
H1(Kw,ME)
∨ is Λ-torsion with characteristic ideal generated by the element
Pw(E) = Pw(ℓ−1γw) ∈ Λ,
where Pw = det(1− FrobwX |VIw ), for V = T ⊗Qp, is the Euler factor at w of the L-function of E.
1.5. Comparison I: Algebraic Iwasawa invariants. We now arrive at the main result of this section.
Recall that every prime w ∈ Σ \ {∞} is split in K, and we set S = Σ \ {v, v¯,∞}.
Theorem 1.5.1. Assume that φ|Gp 6= 1, ω. Then the module XE is Λ-torsion with µ(XE) = 0 and
λ
(
XE
)
= λ
(
Xφ
)
+ λ
(
Xψ
)
+
∑
w∈S
{λ(Pw(φ)) + λ(Pw(ψ))− λ(Pw(E))}.
Proof. That XE is Λ-torsion with µ-invariant zero is part of Proposition 1.4.2. For the λ-invariant, combining
Corollary 1.4.3 and the last claim of Proposition 1.4.1 we obtain
(1.13) λ
(
XSE
)
= λ
(
XSφ
)
+ λ
(
XSψ
)
.
On the other hand, from (1.12) we deduce the exact sequence
0→ H1FGr(K,ME)→ H1FSGr(K,ME)→
∏
w∈S
H1(Kw,ME)→ 0,
and therefore the relation λ
(
XSE
)
= λ
(
XE
)
+
∑
w∈S λ
(Pw(E)). This, combined with the second part of
Proposition 1.2.5 shows that (1.13) reduces to the equality of λ-invariants in the statement of the theorem.
2. Analytic side
Let E/Q be an elliptic curve of conductor N , p ∤ 2N be a prime of good reduction for E, and K be an
imaginary quadratic field satisfying hypotheses (Heeg), (spl), and (disc) from the introduction; in particular,
p = vv¯ splits in K.
In this section, assuming E[p]ss = Fp(φ)⊕Fp(ψ) as GQ-modules, we prove an analogue of Theorem 1.5.1 on
the analytic side, relating the Iwasawa invariants of an anticyclotomic p-adic L-function of E to the Iwasawa
invariants for the anticyclotomic Katz p-adic L-functions attached to φ and ψ.
2.1. p-adic L-functions. Recall that Λ = ZpJΓK denotes the anticyclotomic Iwasawa algebra, and set Λ
ur =
Λ⊗ˆZpZurp , for Zurp the completion of the ring of integers of the maximal unramified extension of Qp.
We shall say that an algebraic Hecke character ψ : K×\A×K → C× has infinity type (m,n) if the component
ψ∞ of ψ at ∞ satisfies ψ∞(z) = zmz¯n for all z ∈ (K ⊗ R)× ≃ C×, where the last identification is made via
ι∞.
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2.1.1. The Bertolini–Darmon–Prasanna p-adic L-functions. Fix an integral ideal N ⊂ OK with
(2.1) OK/N ≃ Z/NZ.
Let f ∈ S2(Γ0(N)) be the newform associated with E. Following [BDP13], one has the following result.
Theorem 2.1.1. There exists an element LE ∈ Λur characterized by the following interpolation property: For
every character ξ of Γ crystalline at both v and v¯ and corresponding to a Hecke character of K of infinity type
(n,−n) with n ∈ Z>0 and n ≡ 0 (mod p− 1), we have
LE(ξ) =
Ω4np
Ω4n∞
· Γ(n)Γ(n+ 1)ξ(N
−1)
4(2π)2n+1
√
DK
2n−1 ·
(
1− apξ(v¯)p−1 + ξ(v¯)2p−1
)2 · L(f/K, ξ, 1),
where Ωp and Ω∞ are CM periods attached to K as in [CH18, §2.5].
Proof. This was originally constructed in [BDP13] as a continuous function of ξ, and later explicitly constructed
as a measure in [CH18] (following the approach in [Bra11]). Since this refined construction will be important
for our purpose in this section, we recall some of the details.
Let Ig(N) be the Igusa scheme over Z(p) parametrizing elliptic curves with Γ1(Np
∞)-level structure as
in [CH18, §2.1]; its complex points admit a uniformization
(2.2) [, ] : H×GL2(Qˆ)→ Ig(N)(C).
Let c be a positive integer prime to Np. Then ϑ := (DK +
√−DK)/2 and the element ξc := ς(∞)γc ∈ GL2(Qˆ)
constructed in [CH18, p. 577] defines a point
xc := [(ϑ, ξc)] ∈ Ig(N)(C)
rational over K[c](v∞), the compositum of the ring class field K of conductor c and the ray class field of K of
conductor v∞. For every Oc-ideal a prime to Nv, let a ∈ Kˆ(cp),× be such that a = aOˆc ∩K and set
σa := recK(a
−1)|K[c](v∞) ∈ Gal(K[c](v∞)/K),
where recK : K
×\Kˆ× → GabK is the reciprocity map (geometrically normalized). Then by Shimura’s reciprocity
law, the point xa := x
σa
c is defined by the pair (ϑ, a
−1ξc) under (2.2).
Let Vp(N ;R) be the space of p-adic modular forms of tame level N defined over a p-adic ring R (as recalled
in [CH18, §2.2]), and let Sa →֒ Ig(N)/Zurp be the local deformation space of xa ⊗ Fp ∈ Ig(N)(Fp), so we have
OSa ≃ Zurp Jta − 1K by Serre–Tate theory. Viewing f as a p-adic modular form, the Serre–Tate expansion
f(ta) := f |Sa ∈ Zurp Jta − 1K
defines a Zurp -valued measure dµf,a on Zp characterized by (by Mahler’s theorem, see e.g. [Hid93, §3.3, Thm. 1])
by
(2.3)
∫
Zp
(
x
m
)
dµf,a =
(
θ
m
)
f(xa)
for all m > 0, where θ : Vp(N ;Zp)→ Vp(N ;Zp) is the Atkin–Serre operator, acting as qd/dq on q-expansions.
Similarly, the p-depletion
f ♭ =
∑
p∤n
anq
n
defines a Zurp -valued measure dµf♭,a on Zp (supported on Z
×
p ) with p-adic Mellin transform f
♭(ta), and we let
dµf♭a be the measure on Z
×
p corresponding to f(t
N(a)−1
√−DK−1
a ) (see [CH18, Prop. 3.3]).
Letting η be an auxiliary anticyclotomic Hecke character of K of infinity type (1,−1) and conductor c,
define Lv,ψ ∈ Λur by
(2.4) Lv,η(φ) =
∑
[a]∈Pic(Oc)
η(a)N(a)−1
∫
Z×p
ηv(φ|[a]) dµf♭a
where ηv denotes the v-component of η, and φ|[a] : Z×p → O×Cp is defined by (φ|[a])(x) = φ(recv(x)σ−1a ) for the
local reciprocity map recv : K
×
v → GabK ։ Γ. Then by [CH18, Prop. 3.8] the element LE ∈ Λur defined by
LE(ξ) := Lv,η(η−1ξ)2
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has the stated interpolation property.
2.1.2. Katz p-adic L-functions. Let θ : GQ → Z×p be a Dirichlet character of conductor C. As it will suffice
for our purposes, we assume that C|N (so p ∤ C), and let C|N be such that OK/C = Z/CZ.
The next result follows from the work of Katz [Kat78], as extended by Hida–Tilouine [HT93].
Theorem 2.1.2. There exists an element Lθ ∈ Λur characterized by the following interpolation property: For
every character ξ of Γ crystalline at both v and v¯ and corresponding to a Hecke character of K of infinity type
(n,−n) with n ∈ Z>0 and n ≡ 0 (mod p− 1), we have
Lθ(ξ) =
Ω2np
Ω2n∞
· 4Γ(n+ 1) · (2πi)
n−1
√
DK
n−1 ·
(
1− θ−1(p)ξ−1(v)) · (1− θ(p)ξ(v¯)p−1))
×
∏
ℓ|C
(1− θ(ℓ)ξ(w)ℓ−1) · L(θKξNK , 0),
where Ωp and Ω∞ are as in Theorem 2.1.1, and for each ℓ|C we take the prime w|ℓ with w|C.
Proof. The character θ (viewed as a character of K) defines a projection
πθ : Z
ur
p JGal(K(Cp
∞)/K)K → Λur,
where K(Cp∞) is the ray class field of K of conductor Cp∞ (this projection is just g 7→ θ(g)[g] for g ∈
Gal(K(Cp∞)/K and [g] the image of g in Γ). The element Lθ is then obtained by applying πθ to the Katz
p-adic L-function described in [Kri16, Thm. 27], setting χ−1 = θKξNK .
2.2. Comparison II: Analytic Iwasawa invariants. The following theorem follows from the main result
of [Kri16]. Following the notations in op.cit, we let N0 be the square-full part of N (so the quotient N/N0 is
square-free), and fix an integral ideal N ⊂ OK as in (2.1).
Let also f =
∑∞
n=1 anq
n ∈ S2(Γ0(N)) be the newform associated with E, and denote by λι the image of
λ ∈ Λ under the involution of Λ given by γ 7→ γ−1 for γ ∈ Γ.
Theorem 2.2.1. Assume that E[p]ss ≃ Fp(φ) ⊕ Fp(ψ) as GQ-modules, with the characters labeled so that
p ∤ cond(φ). Then there is a factorization N/N0 = N+N− with

aℓ ≡ φ(ℓ) (mod p) if ℓ|N+,
aℓ ≡ ψ(ℓ) (mod p) if ℓ|N−,
aℓ ≡ 0 (mod p) if ℓ|N0,
such that the following congruence holds
LE ≡ (Eιφ,ψ)2 · (Lφ)2 (mod pΛur),
where
Eφ,ψ =
∏
ℓ|N0N−
Pw(φ) ·
∏
ℓ|N0N+
Pw(ψ),
and for each ℓ|N we take the prime w|ℓ with w|N.
Proof. By [Kri16, Thm. 31], our hypothesis on E[p] implies that there is a congruence
(2.5) f ≡ G (mod p),
where G is a certain weight two Eisenstein series (denoted E
φ,φ−1,(N)
2 in loc.cit.). Viewed as a p-adic modular
form, G defines Zurp -valued measures µG,a on Zp by the rule (2.3). With the notations introduced in the proof
of Theorem 2.1.1, set
(2.6) Lv,η(G,φ) =
∑
[a]∈Pic(Oc)
η(a)N(a)−1
∫
Z×p
ηv(φ|[a]) dµG♭,a
where the cusp form f in (2.3) has been replaced by G, and let LG ∈ Λur be the element defined by
LG(ξ) := Lv,η(η−1ξ).
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Then for ξ an arbitrary character of Γ crystalline at both v and v¯ and corresponding to a Hecke character of K
of infinity type (n,−n) for some n ∈ Z>0 with n ≡ 0 (mod p− 1), the calculation in [Kri16, Prop. 37] (taking
χ−1 = ξNK , ψ1 = φ, and ψ2 = φ−1 = ψω−1 in the notations of loc.cit., so in particular j = n− 1) shows that
(2.7) LG(ξ) =
Ω2np
Ω2n∞
· Γ(n+ 1)φ
−1(−√DK)ξ(¯t)t
g(φ)
· (2πi)
n−1
√
DK
n−1 · Ξξ−1N−1K (φ, ψω
−1, N+, N−, N0) · L(φKξNK , 0),
where φK denotes the base change of φ to K, and
Ξξ−1N−1K
(φ, ψω−1, N+, N−, N0) =
∏
ℓ|N+
(1 − φ−1ξ(w¯)) ·
∏
ℓ|N−
(1− φξ(w¯)ℓ−1)
×
∏
ℓ|N0
(1− φ−1ξ(w¯))(1 − φξ(w¯)ℓ−1).
Comparing with the interpolation property of Lφ in Theorem 2.2.1, and noting that
Eφ,ψ(ξ−1) = Ξξ−1N−1K (φ, ψω
−1, N+, N−, N0)
for all ξ as above, the equality (2.7) implies that
(2.8) LG ≡ Eιφ,ψ · Lφ (mod pΛur).
On the other hand, the congruence (2.5) implies the congruences(
θ
m
)
f(xa) ≡
(
θ
m
)
G(xa) (mod pZ
ur
p )
for all m > 0, which in turn yield the congruence
(2.9) LE ≡ (LG)2 (mod pΛur).
The combination of (2.8) and (2.9) now yields the theorem.
Theorem 2.2.2. Assume that E[p]ss = Fp(φ)⊕ Fp(ψ) as GQ-modules. If φ|Gp 6= 1, ω, then µ(LE) = 0 and
λ(LE) = λ(Lφ) + λ(Lψ) +
∑
w∈S
{
λ(Pw(φ)) + λ(Pw(ψ))− λ(Pw(E))
}
.
Proof. Since K satisfies (Heeg) and (spl), the conductors of both φ and ψ are only divisible by primes split in
K, and hence the vanishing of µ(LE) follows immediately from the congruence of Theorem 2.2.1 and Hida’s
result [Hid10] (note that the factors Pw(φ) and Pw(ψ) also have vanishing µ-invariant, since again the primes
w are split in K).
As for the equality between λ-invariants, note that the involution of Λ given by γ 7→ γ−1 for γ ∈ Γ preserves
λ-invariants, and so
λ(Pw(θ)2) = λ(Pw(θ)) + λ(Pw¯(θ)),
using that complex conjugation act as inversion on Γ. For the term Eφ,ψ in Theorem 2.2.1 we thus have
λ((Eιφ,ψ)2) = λ((Eφ,ψ)2) =
∑
w|N0N−
λ(Pw(φ)) +
∑
w|N0N+
λ(Pw(ψ)),
where w runs over all divisors, not just the one dividing N. Using the congruence relations in Theorem 2.2.1
(in particular, that aℓ ≡ 0 (mod p) for ℓ|N0) this can be rewritten as
(2.10) λ((Eιφ,ψ)2) =
∑
w∈S
{
λ(Pw(φ)) + λ(Pw(ψ))− λ(Pw(E))
}
.
On the other hand, since ψ = φ−1ω, the functional equation for the Katz p-adic L-function (see e.g. [Kri16,
Thm. 27]) yields
(2.11) λ(Lψ) = λ(Lφ).
The result now follows from Theorem 2.2.1 combined with (2.10) and (2.11).
Together with the main result of §1, we arrive at the following.
Theorem 2.2.3. Assume that φ|Gp 6= 1, ω. Then µ(LE) = µ(XE) = 0 and
λ(LE) = λ(XE).
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Proof. The vanishing of the µ-invariant of XE (resp. LE) has been shown in Proposition 1.4.2 (resp. The-
orem 2.2.2). On the other hand, Iwasawa’s main conjecture for K (a theorem of Rubin [Rub91]) yields in
particular the equalities λ(Lφ) = λ(Xφ), λ(Lψ) = λ(Xψ). The combination of Theorem 1.5.1 and Theo-
rem 2.2.2 therefore yields the result.
3. A Kolyvagin system argument
The goal of this section is to prove Theorem 3.4.1 below, extending [How04, Thm. 2.2.10] to the residually
reducible setting. This result, which assumes the existence of a non-trivial Kolyvagin system, will be applied in
§4 to a Kolyvagin system derived from Heegner points to prove one of the divisibilities towards Conjecture A
(up to powers of p).
3.1. Selmer structures and Kolyvagin systems. Let K be an imaginary quadratic field, let (R,m) be a
complete Noetherian local ring with finite residue field of characteristic p, and let M be a topological R[GK ]-
module such that the GK action is unramified outside a finite set of primes. We define a Selmer structure F
on M to be a finite set Σ = Σ(F) of places of K containing ∞, the primes above p, and the primes where
M is ramified, together with a choice of R-submodules (called local conditions) H1F (Kw,M) ⊂ H1(Kw,M) for
every w ∈ Σ. The associated Selmer group is then defined by
H1F(K,M) := ker
{
H1(KΣ/K,M)→
∏
w∈Σ
H1(Kw,M)
H1F (Kw,M)
}
,
where KΣ is the maximal extension of K unramified outside Σ.
The unramified local condition is
H1ur(Kw,M) := ker
{
H1(Kw,M)→ H1(Kurw ,M)
}
.
If w | p is a finite prime where M is unramified, we set H1f (Kw,M) := H1ur(Kw,M), which is sometimes called
the finite local condition. The singular quotient H1s (K,M) is defined by the exactness of the sequence
0→ H1f (Kw,M)→ H1(Kw,M)→ H1s (Kw,M)→ 0.
Denote by L0(M) the set of rational primes ℓ 6= p such that
• ℓ is inert in K,
• M is unramified at ℓ.
Letting K[ℓ] be the ring class field of K of conductor ℓ, define the transverse local condition at λ|ℓ ∈ L0 by
H1tr(Kλ, T ) := ker
{
H1(Kλ, T )→ H1(K[ℓ]λ′ , T )
}
,
where K[ℓ]λ′ is the completion of K[ℓ] at any prime λ
′ above λ.
As in [How04], we call a Selmer triple (M,F ,L ) the data of a Selmer structure F on M and a subset
L ⊂ L0 with L ∩ Σ(F) = ∅. Given a Selmer triple (M,F ,L ) and pairwise coprime ideals a, b, c of K
divisible only by primes in L0(M), we define the modified Selmer group H
1
Fa
b
(c)(K,M) to be the one defined
by Σ(Fab (c)) = Σ(F) ∪ {w|abc} and the local conditions
H1Fa
b
(c)(Kλ, T ) =


H1(Kλ, T ) if λ|a,
0 if λ|b,
H1tr(Kλ, T ) if λ|c,
H1F(Kw, T ) if λ ∈ λ ∤ abc.
Let T be a compact R-module equipped with a continuous linear GK-action that is unramified outside a
finitely set of primes. For each λ|ℓ ∈ L0 = L0(T ), let Iℓ be the smallest ideal containing ℓ + 1 for which the
Frobenius element Frλ ∈ GKλ acts trivially on T/IℓT . By class field theory, the prime λ splits completely in
the Hilbert class field of K, and the p-Sylow subgroups of Gℓ := Gal(K[ℓ]/K[1]) and k
×
λ /F
×
ℓ are identified via
the Artin symbol, where κλ is the residue field of λ. Hence by [MR04, Lem. 1.2.1] there is a finite-singular
comparison isomorphism
(3.1) φfsλ : H
1
f (Kλ, T/IℓT ) ≃ T ≃ H1s (Kλ, T/IℓT )⊗Gℓ.
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Given a subset L ⊂ L0, we let N = N (L ) be the set of square-free products of primes ℓ ∈ L , and for
each n ∈ N define
In =
∑
ℓ|n
In ⊂ R, Gn =
⊗
ℓ|n
Gℓ,
with the convention that 1 ∈ N , I1 = 0, and G1 = Z.
Definition 3.1.1. A Kolyvagin system for a Selmer triple (T,F ,L ) is a collection of classes
κ = {κn ∈ H1F(n)(K,T/InT )⊗Gn}nN
such that (φfsλ ⊗ 1)(locλ(κn)) = locλ(κnℓ) for all nℓ ∈ N .
We denote by KS(T,F ,L ) the R-module of Kolyvagin systems for (T,F ,L ).
3.2. Bounding Selmer groups. Here we state our main result on bounding Selmer groups of anticyclotomic
twists of Tate modules of elliptic curves, whose proof is given in the next section. The reader mostly interested
in the Iwasawa-theoretic consequences of this result might wish to proceed to §3.4 after reading the statement
of Theorem 3.2.1.
Let E/Q be an elliptic curve of conductor N , let p ∤ 6N be a prime of good ordinary reduction for E, and
let K be an imaginary quadratic field of discriminant DK prime to Np. We assume
(h1) E(K)[p] = 0.
As before, let Γ = Gal(K∞/K) be the Galois group of the anticyclotomic Zp-extension K∞ of K. Let
α : Γ→ R× be a character with values in the ring of integers R of a finite extension Φ/Qp. Let r = rankZpR.
Let ρE : GQ → AutZp(TpE) give the action of GQ on the p-adic Tate module of E and consider the GK-modules
Tα := TpE ⊗Zp R(α), Vα := Tα ⊗R Φ, Aα := Tα ⊗R Φ/R ≃ Vα/Tα,
where R(α) is the free R-module of rank one on which GK acts the projection GK ։ Γ composed with α, and
the GK-action on Tα is via ρα = ρE ⊗ α.
Let m ⊂ R be the maximal ideal, with uniformizer π ∈ m, and let T¯ := Tα ⊗ R/m be the residual
representation associated to Tα. Note that
(3.2) T¯ ≃ E[p]⊗ R/m
as GK-modules, since α ≡ 1 (mod m). In particular, (h1) implies that T¯GK = 0.
For w | p a prime of K above p, set
Fil+w(TpE) := ker
{
TpE → TpE˜
}
,
where E˜ the reduction of E at w, and put
Fil+w(Tα) := Fil
+
w(TpE)⊗Zp R(α), Fil+w(Vα) := Fil+w(Tα)⊗R Φ.
Following [CG96], define the ordinary Selmer structure Ford on Vα by taking Σ(Ford) = {w | pN} and
H1Ford(Kw, Vα) :=
{
im
{
H1(Kw,Fil
+
w(Vα))→ H1(Kw, Vα)
}
if w|p,
H1ur(Kw, Vα) else.
Let Ford also denote the Selmer structure on Tα and Aα obtained by propagating H1Ford(Kw, Vα) under the
maps induced by the exact sequence 0→ Tα → Vα → Aα → 0.
Let γ ∈ Γ be a topological generator, and let
(3.3) Cα :=
{
vp(α(γ)− 1) α 6= 1,
0 α = 1,
where vp is the p-adic valuation normalized so that vp(p) = 1. Finally, let
LE := {ℓ ∈ L0(TpE) : aℓ ≡ ℓ+ 1 ≡ 0 (mod p)},
where aℓ = ℓ+ 1− |E˜(Fℓ)|.
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Theorem 3.2.1. Suppose α 6= 1 and there is a Kolyvagin system κα ∈ KS(Tα,Ford,LE) with κα,1 6= 0. Then
H1Ford(K,Tα) has rank one, and there is a finite R-module Mα such that
H1Ford(K,Aα) ≃ (Φ/R)⊕Mα ⊕Mα
with
lengthR(Mα) 6 lengthR
(
H1Ford(K,Tα)/R · κα,1
)
+ Eα
for some constant Eα ∈ Z>0 depending only on Cα, TpE, and rankZp(R).
When ρE |GK : GK → EndZp(TpE) is surjective, Theorem 3.2.1 (with Eα = 0) can be deduced from [How04,
Thm. 1.6.1], but the proof of Theorem 3.2.1 assuming only (h1) requires new ideas, some of which were inspired
by Nekova´rˇ’s work [Nek07].
3.3. Proof of Theorem 3.2.1. To ease notation, let (T,F ,L ) denote the Selmer triple (Tα,Ford,LE), and
let ρ = ρα. For any k > 0, let
R(k) = R/mkR, T (k) = T/mkT, L (k) = {ℓ ∈ L : Iℓ ⊂ pkZp},
and let N (k) be the set of square-free products of primes ℓ ∈ L (k).
We begin by recalling two preliminary results from [MR04] and [How04].
Lemma 3.3.1. For every n ∈ N (k) and 0 6 i 6 k there are natural isomorphisms
H1F(n)(K,T
(k)/miT (k))
∼−→ H1F(n)(K,T (k)[mi]) ∼−→ H1F(n)(K,T (k))[mi]
induced by the maps T (k)/miT (k)
πk−i−−−→ T (k)[mi]→ T (k).
Proof. The proof of [MR04, Lem. 3.5.4] carries over, since it only requires the vanishing of T¯GK .
Proposition 3.3.2. For every n ∈ N (k) there is an R(k)-module M (k)(n) and an integer ǫ such that
H1F(n)(K,T
(k)) ≃ (R(k))ǫ ⊕M (k)(n)⊕M (k)(n).
Moreover, ǫ can be taken to be ǫ ∈ {0, 1} and is independent of k and n.
Proof. This is shown in [How04, Prop. 1.5.5], whose proof makes use of hypothesis (h1) and hypotheses (H.3)
and (H.4) in op.cit., the latter two being satisfied in our setting by [MR04, Lem. 3.7.1] and [MR04, Lem. 2.2.1],
respectively. We note that the independence of ǫ follows from the fact that, by Lemma 3.3.1, we have
ǫ ≡ dimR/mH1F(n)(K, T¯ ) (mod 2),
and the right dimension is independent of k and n by the “parity lemma” of [How04, Lem. 1.5.3], whose proof
is also given under just the aforementioned hypotheses.
3.3.1. The Cˇebotarev argument. For any finitely-generated torsion R-module M and x ∈M , write
ord(x) := min{m > 0 : πm · x = 0}.
When ρE has large image, a standard application of the Cˇebotarev density theorem can be used to show
that, given R-linearly independent classes c1, . . . , cs ∈ H1(K,T (k)), there exist infinitely many primes ℓ ∈ LE
such that ord(locℓ(ci)) = ord(ci), i = 1, . . . , s (see [McC91, Cor. 3.2]). Assuming only the hypothesis (h1),
one can obtain a corresponding statement with “error terms”. Our version of this is Proposition 3.3.6 below,
which provides the key technical input for our proof of Theorem 3.2.1. Before proving this proposition we
define the error terms that appear in its statement.
For any field F ⊂ Q let F (E[p∞]) be the fixed field of the kernel of ρE |GF . Since (DK , Np) = 1 and
p is odd by hypothesis, Q(E[p∞]) ∩ K∞ = Q, as any subfield of K∞ that is Galois over Q is either Q or
contains K. Hence the natural projection Gal(K∞(E[p∞])/K∞)→ Gal(Q(E[p∞])/Q) is an isomorphism and
so ρE(GK∞) = ρ(GQ).
The first error term comes from the following.
Lemma 3.3.3. The intersection U = Z×p ∩ im(ρE |GK∞ ) is an open subgroup of Z×p such that U ⊂ Im(ρ) ⊂
AutR(T ) for all characters α.
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Proof. By Serre’s open image theorem, U = Z×p ∩ im(ρE) ⊂ AutZp(TpE) ≃ GL2(Zp) is an open subgroup of
Z×p . Since im(ρE |GK∞ ) = im(ρE), U = Z×p ∩ im(ρE |GK∞ ). As α is trivial on GK∞ the claim for all characters
α follows.
For U = Z×p ∩ im(ρE) as in Lemma 3.3.3, let
C1 := min{vp(u − 1): u ∈ U}.
Since U is an open subgroup of Z×p , 0 6 C1 <∞.
To define the second error term, note that EndZp(TpE)/ρE(Zp[GQ]) is a torsion Zp-module, as ρE is irre-
ducible. Let
C2 := min
{
m > 0: pm EndZp(TpE) ⊂ ρE(Zp[GQ])
}
.
As Tp(E)⊗Zp Qp is an irreducible, Qp[GQ]-module, 0 6 C2 <∞.
Lemma 3.3.4. For any α, pC2 annihilates EndR(T )/ρ(R[GK∞]).
Proof. Since ρ(GK∞) = ρE(GK∞) = ρE(GQ), it follows that
EndR(T )/ρ(R[GK∞ ]) = EndR(T )/ρE(R[GQ]) = (EndZp(Tp(E)/ρE(Zp[GQ]))⊗Zp R
is annihilated by pC2 .
Remark 3.3.5. If ρE is surjective, then clearly C1 = 0. Similarly, if E[p] is irreducible, then C2 = 0. In
particular, if ρE is surjective, then C1 = 0 = C2.
The third error term is given by the quantity Cα defined before.
Proposition 3.3.6. Suppose α 6= 1. Let c1, c2, c3 ∈ H1(K,T (k)). Suppose Rc1 + Rc2 contains a submodule
isomorphic to md1R(k) ⊕md2R(k) for some d1, d2 > 0. Then there exist infinitely many primes ℓ ∈ L (k) such
that
ord(locℓ(c3)) > ord(c3)− r(C1 + C2 + Cα),
and R locℓ(c1) +R locℓ(c2) ⊂ H1(Kℓ, T (k)) contains a submodule isomorphic to
md1+d2+2r(C1+C2+Cα)(R(k) ⊕R(k)).
Proof. Letmi = max{0, ord(ci)−r(C1+C2+Cα)}. Note that since Rc1+Rc2 contains a submodule isomorphic
to md1R(k)⊕md2R(k), it must be that max{ord(c1), ord(c2)} > k−d1, k−d2 and hence if m1 = m2 = m3 = 0,
then the lemma is trivially true. So we suppose max{m1,m2,m3} > 0.
Let Kα ⊂ K∞ be such that α|GKα ≡ 1 mod mk. Let L = Kα(E[pk]) be the fixed field of the kernel of the
action of GKα on E[p
k] (so in particular, GL acts trivially on T
(k)). Then ρ induces an injection
ρ : Gal(L/K) →֒ Aut(T (k)).
Let u ∈ Z×p ∩ im(ρE |GK∞ ) such that ordp(u − 1) = C1. Then u = ρ(g) for some g ∈ Gal(L/K). Let
T
(k)
E = TpE ⊗Zp R/mk. It follows from Sah’s lemma that g − 1 annihilates H1(Gal(L/K), T (k)), and therefore
the kernel of the restriction map
H1(K,T (k))→ H1(L, T (k)) = H1(L, T (k)E )(α) = Hom(GL, T (k)E )(α)
is annihilated by pC1 and hence by πrC1 (cf. [Nek07, Prop. (6.1.2)]). Here and in the following we denote by
(−)(α) the submodule on which Gal(L/K) acts via the character α. The restriction of the ci to GL therefore
yields homomorphisms fi ∈ Hom(GL, T (k)E )(α) such that
ord(fi) > ord(ci)− rC1, i = 1, 2, 3,
and Rf1 +Rf2 ⊂ Hom(GL, T (k)E )(α) contains a submodule isomorphic to md1+rC1R(k) ⊕md2+rC1R(k).
Note that the complex conjugation τ acts naturally on Hom(GL, T
(k)
E ), and that this action maps an element
f ∈ Hom(GL, T (k)E )(α) to an element τ · f ∈ Hom(GL, T (k)E )(α
−1). Since α 6= α−1 (as α 6= 1 and p is odd) it
follows from the definition of Cα that Hom(GL, T
(k)
E )
(α) ∩ Hom(GL, TE(k))(α−1) is annihilated by πrCα . This
implies that f±i = (1± τ) · fi satisfies
ord(f±i ) > ord(fi)− rCα > ord(ci)− r(C1 + Cα), i = 1, 2, 3,
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and that Rf±1 + Rf
±
2 = (1 ± τ) · (Rf1 + Rf2) contains a submodule isomorphic to md1+r(C1+Cα)R(k) ⊕
md2+r(C1+Cα)R(k). Note that since max{m1,m2,m3} > 0, it follows that for some j both f+j and f−j are
non-zero.
The R-module spanned by the image of f±i contains R[GK∞ ] ·f±i (GL). By Lemma 3.3.4, the latter contains
pC2(EndZp(TpE) ⊗Zp R) · f±i (GL) ⊂ T (k)E . Since f±i has order at least ord(fi) − rCα, f±i (GL) contains an
element of order at least ord(fi)−rCα and hence πk−ord(fi)+r(C2+Cα)T (k)E ⊂ pC2(EndZp(TpE)⊗ZpR) ·f±i (GL).
In particular, the R-module spanned by the image of f±i contains m
k−miT (k)E .
LetH ⊂ GL be the intersection of the kernels of the f±i . Since some f±j is non-zero,H 6= GL and Z = GL/H
is a non-zero torsion Zp-module. The subgroup H is stable under the action of complex conjugation and hence
this action descends to Z, which then decomposes as Z = Z+ ⊕ Z− with respect to this action. Each f±i can
be viewed as an element of Hom(Z, T
(k)
E ). Let g
±
i be the composition of f
±
i with the projection of T
(k)
E to
(T
(k)
E )
±. Fix an R(k)-basis u± of (T
(k)
E )
±. Since the R-span of the image of f±i contains m
k−miT (k)E , the the
R-span of the image of g±i contains m
k−miR(k)u±. Moreover, since f±i ∈ Hom(Z, T (k)E )±, g±i (Z−) = 0 and so
gi(Z) = gi(Z
+). Since max{m1,m2,m3} > 0, it follows that Z+ is nontrivial.
Let W± =
∑3
i=1 Rf
±
i ⊂ Hom(GL, T (k)E )± and let W = W+ ⊕W− ⊂ Hom(GL, T (k)E ). Each f ∈ W can be
viewed as a homomorphism from Z to T
(k)
E , and evaluation at z ∈ Z yields an injection
Z →֒ HomR(W,T (k)E ).
Furthermore, this injection is equivariant with respect to the action of complex conjugation, so the restriction
to Z+ is an injection
Z+ →֒ HomR(W,T (k)E )+ = HomR(W+, (T (k)E )+)⊕HomR(W−, (T (k)E )−).
Let X+ ⊂ HomR(W,T (k)E )+ be the R-span of the image of Z+. It follows from [Nek07, Cor. (6.3.4)] and
Lemma 3.3.4 that
(3.4) pC2 HomR(W,T
(k)
E )
+ ⊂ X+.
Given (φ+, φ−) ∈ HomR(W+, (T (k)E )+)⊕HomR(W−, (T (k)E )−), define
q(φ+, φ−) = det
(
β(φ+(f+1 )) β(φ
−(f−1 ))
β(φ+(f+2 )) β(φ
−(f−2 ))
)
, φ±(−) = β(φ±(−))u± ∈ R(k)u± = (T (k)E )±.
The restriction of q to X+ defines an R(k)-valued quadratic form on X+ that we denote by q(x). Since W+
contains Rf±1 +Rf
±
2 , which in turn contains a submodule isomorphic to m
d1+r(C1+Cα)R(k)⊕md2+r(C1+Cα)R(k),
there exists ψ+ ∈ HomR(W+, (T (k)E )+) and j ∈ {1, 2} such that β(ψ+(f+j )) ∈ πmax d1,d2+r(C1+Cα)(R(k))×.
Similarly, there exists ψ− ∈ HomR(W−, (T (k)E )−) such that β(ψ−(f−3−j)) ∈ πmin d1,d2+r(C1+Cα)(R(k))× and
β(ψ−(f−j )) = 0. For such a pair (ψ
+, ψ−),
q(ψ+, ψ−) ∈ πd1+d2+2r(C1+Cα)(R(k))×.
From (3.4) it follows that pC2(ψ+, ψ−) = xψ for some xψ ∈ X+, and
q(xψ) = p
2C2q(ψ+, ψ−) ∈ πd1+d2+2r(C1+Cα)(R(k))×.
It then follows from [Nek07, Lem. (6.6.1)(ii)] that
(3.5) q(Z+) 6⊂ md1+d2+2r(C1+C2+Cα)+1R(k).
If m3 > 0, let Z3 ⊂ Z+ be the submodule such that g+3 (Z3) = mk−mi+1R(k)u+. Otherwise, let Z3 = 0.
Then Z3 is a proper Zp-submodule of Z
+. It then follows from [Nek07, Lem. (6.6.1)(iii)] and (3.5) that
(3.6) there exists z ∈ Z+ such that z 6∈ Z3 and q(z) 6∈ md1+d2+2r(C1+C2+Cα)+1R(k).
Let M be the fixed field of the subgroup H ⊂ GL, so Gal(M/L) = Z. Let g = τz ∈ Gal(M/Q), and let
ℓ ∤ pNDK be any prime such that each ci is unramified at ℓ and Frobℓ = g in Gal(M/Q) (there are infinitely
many such ℓ: this is the application of the Cˇebotarev Density Theorem). Since GL fixes E[p
k] and K, Frobℓ
acts as τ on K and E[pk]. This means that ℓ is inert in K and that aℓ(E) ≡ ℓ + 1 ≡ 0 mod pk. That is,
ℓ ∈ L (k).
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Since ℓ is inert in K, the Frobenius element for Kℓ is Frob
2
ℓ . Consider the restriction of ci to Kℓ. Since ci
is unramified at ℓ, locℓ(ci) ∈ H1ur(Kℓ, T (k). Evaluation at Frob2ℓ is an isomorphism
H1ur(Kℓ, T
(k))
∼−→ T (k)/(Frob2ℓ −1)T (k) = T (k) = T (k)E ,
where the last equality is because Frob2ℓ acts as τ
2 = 1 on T (k) by the choice of ℓ. This means that locℓ(ci)
is completely determined by ci(Frob
2
ℓ). Furthermore, since Frob
2
ℓ = g
2 = z2 ∈ Gal(M/L), ci(Frob2ℓ ) = fi(z2).
Hence
(3.7) ci(Frob
2
ℓ) = fi(z
2) = 2fi(z) = f
+
i (z) + f
−
i (z) = (g
+
i (z), g
−
i (z)) ∈ T (k)E = (T (k)E )+ ⊕ (T (k)E )−,
since the projection of f±i to (T
(k)
E )
∓ vanishes on Z+.
From (3.7) we see that ord(locℓ(c3)) = ord(c3(Frob
2
ℓ) = ord(f3(z
2)) > ord(g+3 (z)). Since z 6∈ Z3 by (3.6),
ord(locℓ(c3)) > m3,
which shows that ℓ satisfies the first condition of the theorem.
From (3.7) we also see that
R locℓ(c1) +R locℓ(c2)
∼−→ R(g+1 (z), g−1 (z)) +R(g+2 (z), g−2 (z)) ⊂ T (k)E = (T (k)E )+ ⊕ (T (k)E )−.
Write g±i (z) = β
±
i (z)u±. Then
q(z) = det
(
β+1 (z) β
−
1 (z)
β+2 (z) β
−
2 (z)
)
.
Since q(z) 6∈ md1+d2+2r(C1+C2+Cα)+1R(k) by (3.6), it follows from the above expression for q(z) that the module
R(g+1 (z), g
−
1 (z)) + R(g
+
2 (z), g
−
2 (z)) contains a submodule isomorphic to m
d1+d2+2r(C1+C2+Cα)(R(k) ⊕ R(k)),
which shows that ℓ also satisfies the second condition of the theorem.
Corollary 3.3.7. Suppose α 6= 1. Let c1, c2 ∈ H1(K,T (k)). Suppose Rc1 + Rc2 contains a submodule
isomorphic to md1R(k) ⊕md2R(k) for some d1, d2 > 0. Then there exist infinitely many primes ℓ ∈ L (k) such
that ord(locℓ(c1)) > ord(c1)−r(C1+C2+Cα) and R locℓ(c1)+R locℓ(c2) ⊂ H1(Kℓ, T (k)) contains a submodule
isomorphic to
mk−ord(c1)+r(C1+C2+Cα)R(k) ⊕md1+d2+2r(C1+C2+Cα)R(k).
Proof. We apply Proposition 3.3.6 with c3 = c1. Then R locℓ(c1) = R locℓ(c3) contains a submodule iso-
mophic to mk−ord(c3)+r(C1+C2+Cα)R(k) = mk−ord(c1)+r(C1+C2+Cα)R(k), and R locℓ(c1) + R locℓ(c2) contains a
submodule isomorphic to md1+d2+2r(C1+C2+Cα)(R(k) ⊕R(k)), whence the conclusion of the corollary.
With Proposition 3.3.6 – and especially Corollary 3.3.7 – in hand, we next prove the following theorem,
which implies the first statement of Theorem 3.2.1 and will be used in the next section to prove the bound on
the length of Mα.
Theorem 3.3.8. Suppose α 6= 1. If κ1 ∈ H1(K,T ) is non-zero, then ǫ = 1 and for k ≫ 0, every element in
M (k)(1) has order strictly less than k. In particular, H1F (K,T ) ≃ R.
Proof. Suppose κ1 6= 0. The assumption T¯GK = 0 implies that H1F (K,T ) is torsion-free, so ǫ > 1.
If k ≫ 0, then the image of κ1 in H1F (K,T (k)), still denoted by κ1 by abuse of notation, is non-zero and
ind(κ1,H
1
F(K,T )) = ind(κ1,H
1
F (K,T
(k))), where by the index ind(c,M) for M a finitely generated R-module
and c ∈ M we mean the smallest integer m > 0 such that c has non-zero image in M/mm+1M (equivalently,
c ∈ mmM). Let s = ind(κ1,H1F (K,T )). Let e = r(C1 + C2 + Cα). Suppose k also satisfies
(3.8) k > s+ 3e.
By the definition of s, there exist c1 ∈ H1F (K,T (k)) such that the image of c1 in H1F (K,T (k))/mH1F(K,T (k))
is non-zero and κ1 = π
sc1. The assumption T¯
GK = 0 implies that H1F (K,T ) is torsion-free, so Rc1 ≃ R(k).
Suppose c2 ∈ H1F (K,T (k)) is such that c2 6∈ Rc1. We will show that πs+3ec2 ∈ Rc1. By (3.8) this implies that
H1F (K,T
(k))/Rc1 is annihilated by π
k−1 and hence that ǫ 6 1. It then follows that ǫ = 1 and every element
in M (k)(1) has order strictly less than k. This in turn implies H1F (K,T ) ≃ R, since H1F (K,T ) is torsion-free.
Let d be the order of the image of c2 in H
1
F (K,T
(k))/Rc1. Then Rc1+Rc2 contains a submodule isomorphic
to R(k) ⊕mk−dR(k). By Corollary 3.3.7, there exists ℓ ∈ L (k) such that ord(locℓ(c1)) > k − e and
(3.9) R locℓ(c1) +R locℓ(c2) contains a submodule isomorphic to m
eR(k) ⊕mk−d+2eR(k).
ON THE ANTICYCLOTOMIC IWASAWA THEORY OF RATIONAL ELLIPTIC CURVES AT EISENSTEIN PRIMES 21
We now make use of the assumption that κ1 belongs to a Kolyvagin system. The finite-singular relation of
the definition of a Kolyvagin system implies that the image of κℓ in H
1
F (K,T
(k)), which we also denote by κℓ,
satisfies,
(3.10) ord(locℓ,s(κℓ)) = ord(locℓ(κ1)) = ord(locℓ(π
sc1)) > k − s− e,
where by locℓ,s we mean the composition of locℓ with the projection to H
1
s (Kℓ, T
(k)).
By global duality, the images of
H1F (K,T
(k)
α )
locℓ−−→ H1ur(Kℓ, T (k)α ) and H1Fℓ(K,T (k)α−1)
locℓ,s−−−→ H1s (Kℓ, T (k)α−1)
are mutual annihilators under local duality. Since τ · κℓ ∈ H1Fℓ(K,T
(k)
α−1), we easily conclude from (3.8), (3.9),
and (3.10) that
k − s− e 6 k − d+ 2e.
That is, d 6 s+ 3e, as claimed.
3.3.2. Some simple algebra. Our adaptation of Kolyvagin’s arguments relies on the following simple results
about finitely-generated torsion R-modules. For a finitely-generated torsion R-module M we write
exp(M) := min{n > 0 : πnM = 0} = max{ord(m) : m ∈M}.
Lemma 3.3.9. Let N ⊂ M be finitely-generated torsion R-modules. Suppose N ≃ ⊕ri=1R/mdi(N), d1(N) >
· · · > dr(N), and M ≃ ⊕si=1R/mdi(M), d1(M) > · · · > ds(M). Then r 6 s and
di(N) 6 di(M), i = 1, . . . , r.
Proof. We have r = dimR/mN [π] 6 dimR/mM [π] = s, which proves the first claim.
We prove the second claim by induction on r. Let d = dr(N). Since N [π
d] = N ∩M [πd], the inclusion
N ⊂M induces an inclusion
N ′ = N/N [πd] ⊂M/M [πd] =M ′.
Clearly, N ′ ≃ ⊕r′i=1R/mdi(N)−d, where r′ is the smallest integer such that di(N) = d for r′ + 1 6 i 6 r.
Similarly, M ′ ≃ ⊕s′i=1R/mdi(M)−d. Since r′ < r, the induction hypothesis implies that di(M) > di(N) for
i = 1, . . . , r′. To complete the induction step we just need to show that at least r of the di(M)’s are > d. But
this is clear from the injection N [πd]/N [πd−1] →֒ dimR/mM [πd]/M [πd−1], from which it follows that
r = dimR/mN [π
d]/N [πd−1] 6 dimR/mM [πd]/M [πd−1].
Next we consider two short exact sequences of finitely-generated torsion R-modules
(3.11) 0→ X → R/mk ⊕M α−→ R/mk−a ⊕R/mb → 0
and
(3.12) 0→ X → R/mk ⊕M ′ β−→ R/ma′ ⊕R/mk−b′ → 0
satisfying:
(3.13) k > exp(M) + 2a and a′ 6 a.
We further assume that both M and M ′ are the direct sum of two isomorphic R-modules. Let 2s :=
dimR/mM [π], 2s
′ := dimR/mM ′[π] and d1(M), . . . , d2s(M) be the lengths of the R-summands in a decom-
position of M as a direct sum of cyclic R-modules, ordered so that
d1(M) = d2(M) > d3(M) = d4(M) > · · · > d2r−1(M) = d2s(M).
Note that d1(M) = exp(M). Fix a decomposition
M = ⊕2si=1Mi, Mi ≃ R/mdi(M).
Let d1(M
′), . . . , d2s′(M ′) be similarly defined for M ′.
Lemma 3.3.10. The following hold:
(i) s− 1 6 s′ 6 s+ 1,
(ii) b 6 exp(M),
(iii) exp(X) 6 exp(M) + a.
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Proof. Let r(−) denote the minimal number ofR-generators of (−). Then from (3.11) it follows that r(M)−1 6
r(X) 6 r(M)+1 (see Lemma 3.3.9). Similarly, it follows from (3.12) that r(M ′)−1 6 r(X) 6 r(M ′)+1. From
this we conclude that r(M) − 1 6 r(M ′) + 1 and r(M ′) − 1 6 r(M) + 1. Since r(M) = 2s and r(M ′) = 2s′,
this implies 2s 6 2s′ + 2 and 2s′ 6 2s+ 2. That is, s− 1 6 s′ 6 s+ 1, as claimed in part (i).
For part (ii) we note that since k − a > exp(M) by (3.13), the image under α of the summand R/mk in
the middle of (3.11) must be isomorphic to R/mk−a (else exp(im(α)) 6 k − a− 1). It follows that α induces
a surjection M ։ (R/mk−a ⊕R/mb)/α(R/mk) ≃ R/mb. This implies part (ii).
For part (iii) we note that (3.11) induces an inclusion
X/(X ∩R/mk) →֒ (R/mk ⊕M)/(R/mk) ≃M.
It follows that exp(X) 6 exp(M) + exp(X ∩ R/mk). As noted in the proof of part (ii), α(R/mk) ≃ R/mk−a
so X ∩R/mk ≃ R/ma. Part (iii) follows.
Proposition 3.3.11. The following hold:
(i) There exists 1 6 i0 6 2s such that there is an inclusion ⊕2si=1,i6=i0Mi →֒ X.
(ii) There exists an inclusion X →֒M ′ ⊕R/mexp(X).
(iii) di(M
′) > di+2(M), for i = 1, . . . , 2s− 2.
Proof. As explained in the proof of Lemma 3.3.10(ii), the image under α of the R/mk summand in the middle
of (3.11) has exponent k− a. In particular, we may assume that the R/mk−a summand on the right in (3.11)
is the image under α of the R/mk-summand in the middle.
Let 1 6 i0 6 2s be such that im(α) = R/m
k−a + α(Mi0 ). It follows from (3.11) that there is a surjection
X ։ (R/mk ⊕M)/(R/mk ⊕Mi0) ≃ ⊕2si=1,i6=i0Mi.
Taking duals we deduce the existence of an inclusion ⊕2si=1,i6=i0Mi →֒ X , proving (i). (Here and in the following
we are using that the (Pontryagin) dual of a torsion R-module is isomorphic to itself as an R-module.)
For (ii), we first claim that β(R/mk) ≃ R/mk−b′ . Suppose that β(R/mk) ≃ R/mk−b′′ for some b′′ > b′. This
would imply that there exists m′ ∈ M such that β(1 ⊕m′) ∈ R/ma′ ⊕ 0 ⊂ R/ma′ ⊕ R/mk−b′ . In particular,
we would have πa
′
(1 ⊕ m′) ∈ X . But since ord(πa′(1 ⊕ m′)) = k − a′ this would mean that X contains a
submodule isomorphic to R/mk−a
′
. But since k−a′ > exp(M)+a > exp(X) by (3.13) and Lemma 3.3.10(iii),
we reach a contradiction. Thus we may assume that the R/mk−b
′
summand on the right in (3.12) is the image
under β of the R/mk-summand in the middle.
Let M ′′ ⊂ M ′ be the submodule such that β(M ′′) ⊆ R/mk−b′ . Then (3.12) implies that there is an exact
sequence
0→ X → R/mk ⊕M ′′ → β(R/mk)→ 0.
From this it follows that there is an exact sequence
0→ X ∩R/mk → X →M ′′ → 0.
Taking duals we conclude that there exists a short exact sequence
0→M ′′ → X γ−→ X ∩R/mk → 0.
Note that X ∩ R/mk is a cyclic R-module. Let R/md ⊂ X be an R-summand that surjects onto X ∩ R/mk
via γ. Then there is a surjection M ′′ ⊕R/md ։ X . Taking duals we deduce the existence of inclusions
X →֒M ′′ ⊕R/md →֒M ′ ⊕R/mexp(X).
This proves (ii).
Let d1(X) > d2(X) > · · · > dt(X) be the lengths of the summands in a decomposition of X as a direct
sum of cyclic R-modules. Note that d1(X) = exp(X). From part (i) we see that t > 2s − 1. From part (i)
and Lemma 3.3.9 we also easily conclude that di(X) > di+1(M). Similarly, from part (ii) we conclude that
di(M
′) > di+1(X). Combining these yields (iii).
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3.3.3. Finishing the proof of Theorem 3.2.1. We now have all the pieces needed to prove Theorem 3.2.1.
Suppose κ1 6= 0. Let
ind(κ1) = max{m : κ1 ∈ mmH1F (K,T )}.
Recall that by Theorem 3.3.8, H1F (K,T ) has R-rank one and for k ≫ 0
(R/mk)n ⊕M [mk] ≃ R/mk ⊕M (k)(1)⊕M (k)(1),
with exp(M (k)(1)) < k. Since H1F (K,A) = lim−→k H
1
F (K,T
(k)), it follows from Lemma 3.3.1 that
H1F (K,A)[m
k] ≃ H1F (K,T (k))
and hence that
H1F (K,A) ≃ Φ/R⊕M, M ≃M0 ⊕M0.
for some finitely-generated torsion R-module M0 such that M0 ≃M (k)(1) for k ≫ 0.
Let r(M) be the minimal number of R-generators of M and let
e = (C1 + C2 + Cα)rankZp(R).
We will show that
(3.14) ind(κ1) +
3
2
r(M)e > lengthR(M0).
Since by Lemma 3.3.1 and (3.2) we have
r(M) + 1 = dimR/mH
1
F (K,T
(k))[m] = dimR/mH
1
F (K, T¯ ) = dimFp H
1
F(K,E[p]),
it follows that (3.14) yields the inequality in Theorem 3.2.1 with an error term Eα = r(M)e that depends only
on Cα, TpE, and rankZp(R).
Let s = r(M)/2 and fix an integer k > 0 such that
(3.15) k/2 > lengthR(M) + ind(κ1) + (r(M) + 1)e
and M0 ≃ M (k)0 (1). Our proof of (3.14) relies on making a good choice of integers in N (k), which in turn
relies on a good choice of primes in L (k).
Let n ∈ N (k). By Proposition 3.3.2 and Theorem 3.3.8, there exists a finite R(k)-module M(n)0 such that
H1F(n)(K,T
(k)) ≃ R(k) ⊕M(n), M(n) ≃M(n)0 ⊕M(n)0.
Let r(M(n)) be the minimal number of R-generators of M(n) and let
d1(n) = d2(n) > d3(n) = d4(n) > · · · > dr(M(n))−1(n) = dr(M(n))(n)
be the lengths of the cyclic R-modules appearing in an expression for M(n) as a direct sum of such modules.
Let s(n) = r(M(n))/2. In particular, s(1) = r(M)/2 = s. In what follows we write, in an abuse of notation,
κn to mean its image in H
1(K,T (k)).
Suppose we have a sequence of integers 1 = n0, n1, n2, . . . , ns ∈ N (k) satisfying
(a) s(nj) > s(nj−1)− 1,
(b) dt(nj) > dt+2(nj−1), t = 1, . . . , s(nj−1)− 1,
(c) lengthR(M(nj)0) 6 lengthR(M(nj−1)0)− d1(nj−1) + 3e,
(d) ord(κnj ) > ord(κnj−1 )− e, and
(e) ord(κnj−1) 6 ord(κnj )− d1(nj−1) + 3e,
for all 1 6 j 6 s. Since H1F (K,T ) is torsion free, ind(κ1) = k − ord(κ1), and so repeated combination of (b)
and (e) yields
ind(κ1) = k − ord(κn0) > d1(n0) + d3(n0) + · · ·+ d2s−1(n0)− 3se+ (k − ord(κns))
> lengthR(M(n0)0)− 3se.
Since M(n0)0 = M(1)0 ≃ M (k)(1)0 ≃ M0 by the choice of k and 3se = 32r(M)e, this means (3.14) holds. So
to complete the proof of the theorem it suffices to find such a sequence of nj ’s. In the following we will define
such a sequence by making repeated use of Corollary 3.3.7 to choose suitable primes in L (k). Note that if
s = 0 then there is nothing to prove, so we assume s > 0.
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Suppose 1 = n0, n1, . . . , ni ∈ N (k), i < s, are such that (a)–(e) hold for all 1 6 j 6 i (note that if i = 0,
then this is vacuously true). We will explain how to choose a prime ℓ ∈ L (k) such that n0, . . . , ni, ni+1 = niℓ
satisfy (a)–(e) for all 1 6 j 6 i+ 1. Repeating this process yields the desired sequence n0, . . . , ns.
From (a), s(ni) > s − i > 0, so d1(ni) > 0. Let c1, c2 ∈ H1F(ni)(K,T (k)) be such that c1 generates
an R(k)-summand complementary to M(ni) and Rc2 ≃ R/md1(ni) = mk−d1(ni)R(k) is a direct summand
of M(ni) = M(ni)0 ⊕ M(ni)0. Then Rc1 + Rc2 ⊂ H1F(ni)(K,T (k)) contains a submodule isomorphic to
R(k) ⊕ mk−d1(ni)R(k). Let ℓ ∈ L (k) be a prime as in Corollary 3.3.7 that does not divide n1 · · ·ni. In
particular,
ord(locℓ(c1)) > k − e
and
R locℓ(c1) +R locℓ(c2) contains a submodule isomorphic to m
eR(k) ⊕mk−d1(ni)+2eR(k).
It follows that there is a short exact sequence
(3.16) 0→ H1F(ni)ℓ(K,T (k))→ H1F(ni)(K,T (k))
locℓ−−→ R/mk−a ⊕ R/mb → 0, e > a, b > d1(ni)− 2e.
Global duality then implies that there is another exact sequence
(3.17) 0→ H1F(ni)ℓ(K,T (k))→ H1F(niℓ)(K,T (k))
locℓ−−→ R/ma′ ⊕R/mk−b′ → 0, e > a > a′, b′ > b.
Here we have used that the arithmetic dual of T (k) = T
(k)
α is T
(k)
α−1 and that the complex conjugation τ induces
an isomorphism H1F(n)(K,T
(k)
α−1) ≃ H1F(n)(K,T
(k)
α ).
Combining (c) for 1 6 j 6 i yields
lengthR(M(ni)0) 6 lengthR(M(n0)0) + 3ie.
From this, together with r(M) = 2s, i < s, and the assumption (3.15), we find
k > lengthR(M(n0)0) + 2r(M)e > lengthR(M(ni)0) + 2r(M)e − 3ie > lengthR(M(ni)0) + 2e.
It follows that (3.16) and (3.17) satisfy the hypotheses (3.13) for (3.11) and (3.12) with
X = H1F(ni)ℓ(K,T
(k)), M =M(ni), M
′ =M(niℓ).
Let ni+1 = niℓ. Then (a) for j = i+ 1 follows from Lemma 3.3.10(i) while (b) for j = i + 1 follows from
Proposition 3.3.11(iii). To see that (c) holds we observe that by (3.16) and (3.17)
lengthR(M(ni+1)) = lengthR(M(ni))− (b + b′) + (a+ a′) 6 lengthR(M(ni))− 2d1(ni) + 6e.
To verify (d) for j = i+ 1 we first observe that by the Kolyvagin system relations under the finite singular
map
ord(κni+1) = ord(κniℓ) > ord(locℓ(κniℓ)) = ord(locℓ(κni)).
So (d) holds for j = i+1 if we can show that ord(locℓ(κni)) > ord(κni)− e. To check that this last inequality
holds, we first note that ord(κni) > ord(κn0)− ie by (d) for 1 6 j 6 i. But ord(κn0) = ord(κ1) = k − ind(κ1)
by the choice of k (and the fact that H1F(K,T ) is torsion-free), and so by (3.15) and repeated application of
(c) for 1 6 j 6 i we have
ord(κni) > k − ind(κ1)− ie > 4 · lengthR(M(n0)0) + (4s− i+ 2)e
> 3 · lengthR(M(n0)0) + lengthR(M(ni)0) + (4s− 4i+ 2)e
> lengthR(M(ni)0) + 2e.
Write κni = xc1 +m with x ∈ R(k) and m ∈ M(ni). Since ord(κni) > exp(M(ni)0), it follows that x = πtu
for t = k − ord(κni) and some u ∈ R×. Let n = exp(M(ni)). It follows that
πn locℓ(κni) = π
n+tu locℓ(c1).
By the choice of ℓ, ord(locℓ(c1)) > k − e. Since n+ t = k − ord(κni) + exp(M(ni)0) < k − 2e, it then follows
that
ord(locℓ(κni)) = ord(locℓ(c1))− t > k − e− t = ord(κni)− e.
It remains to verify (e) for j = i + 1. Let c ∈ H1F(ni+1)(K,T (k)) be a generator of an R(k)-summand
complementary to M(ni+1). Write κni = uπ
gc1+m and κni+1 = vπ
hc+m′, where u, v ∈ R×, m ∈M(ni) and
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m′ ∈M(ni+1). Arguing as in the proof that (d) holds shows that ord(κnj ) > exp(M(nj))+2e for 1 6 j 6 i+1,
hence g = k − ord(κni) and h = k − ord(κni+1). Arguing further as in the proof that (d) holds also yields
ord(locℓ(κni)) = ord(locℓ(c1))− g and ord(locℓ(κni+1)) = ord(locℓ(c))− h.
From the Kolyvagin system relations under the finite singular map it then follows that
h− g = ord(locℓ(c))− ord(locℓ(c1)).
We refer again to the exact sequences (3.16) and (3.17). By the choice of ℓ, ord(locℓ(c1)) > k − e >
exp(M(ni)0) ≥ b, the last inequality by Lemma 3.3.10(ii). Hence we must have ord(locℓ(c1)) = k − a.
As shown in the proof of Proposition 3.3.11 (ii), we also must have ord(locℓ(c)) = k − b′. Hence we find
h− g = (k − b′)− (k − a) = a− b′ 6 3e− d1(nj−1).
Since h− g = ord(κni)− ord(κni+1), this proves (e) holds for j = i+1 and so concludes the proof of Theorem
3.2.1.
3.4. Iwasawa theory. Let E, p, and K be as in §3.2. Let Λ = ZpJΓK be the anticyclotomic Iwasawa algebra,
and consider the Λ-modules
ME := (TpE)⊗Zp Λ∨, T :=M∨E(1) ≃ (TpE)⊗Zp Λ,
where the GK-action on Λ is given by the inverse Ψ
−1 of the tautological character Ψ : GK ։ Γ →֒ Λ×.
For w a prime of K above p, put
Fil+w(ME) := Fil
+
w(TpE)⊗Zp Λ∨, Fil+wT := Fil+w(TpE)⊗Zp Λ.
Define the ordinary Selmer structure FΛ on ME and T by
H1FΛ(Kw,ME) :=
{
im
{
H1(Kw,Fil
+
w(ME))→ H1(Kw,ME)
}
if w|p,
0 else,
and
H1FΛ(Kw,T) :=
{
im
{
H1(Kw,Fil
+
w(T))→ H1(Kw,T)
}
if w|p,
H1(Kw,T) else.
Denote by
X := Homcts(H
1
FΛ(K,ME),Qp/Zp) = H
1
FΛ(K,ME)
∨
the Pontryagin dual of the associated Selmer group H1FΛ(K,ME), and let LE ⊂ L0 be as in §3.2.
Recall that γ ∈ Γ is a topological generator. Then P0 := (γ − 1) ⊂ Λ is a height one prime independent of
the choice of γ.
Theorem 3.4.1. Suppose there is a Kolyvagin system κ ∈ KS(T,FΛ,LE) with κ1 6= 0. Then H1FΛ(K,T) has
Λ-rank one, and there is a finitely generated torsion Λ-module M such that
(i) X ∼ Λ⊕M ⊕M ,
(ii) charΛ(M) divides charΛ
(
H1FΛ(K,T)/Λκ1
)
in Λ[1/p, 1/(γ − 1)].
Proof. This follows by applying Theorem 3.2.1 for the specializations of T at height one primes of Λ, similarly
as in the proof of [How04, Thm. 2.2.10]. We only explain how to deduce the divisibility in part (ii), since part
(i) is shown exactly as in [How04, Thm. 2.2.10].
For any height one prime P 6= pΛ of Λ, let SP be the integral closure of Λ/P and consider the GK-module
TP := T⊗Λ SP,
where GK acts on SP via αP : Γ →֒ Λ× → S×P. Note that TP is a GK-module of the type considered in
§3.2. In particular, SP is the ring of integers of a finite extension of Qp, and TP = TpE ⊗Zp SP(αP), where
αP = Ψ
−1modP.
Fix P as above, write P = (g), and set Q := (g + pm) for some integer m. For m ≫ 0, Q is also a height
one prime of Λ. As explained in [How04, p. 1463], there is a specialization map
KS(T,FΛ,LE)→ KS(TQ,Ford,LE).
Writing κ(Q) for the image of κ under this map, the hypothesis κ1 6= 0 implies that κ(Q)1 generates an infinite
SQ-submodule of H
1
Ford(K,TQ) for m ≫ 0. By Theorem 3.2.1, it follows that X and H1FΛ(K,T) have both
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Λ-rank one, and letting fΛ be a characteristic power series for H
1
FΛ(K,T)/Λκ1 we see as in [How04, p. 1463]
that the equalities
lengthZp
(
H1FQ(K,TQ)/SQκ
(Q)
1
)
= md ordP(fΛ)
and
2 lengthZp(MQ) = md ordP
(
charΛ(Xtors)
)
hold up to O(1) as m varies, where d = rankZp(Λ/P) and Xtors denotes the Λ-torsion submodule of X .
On the other hand, Theorem 3.2.1 yields the inequality
lengthZp(MαQ) 6 lengthZp
(
H1FQ(K,TQ)/SQκ
(Q)
1
)
+ EαQ .
If P 6= P0, then the error term EαQ bounded independently of m, since rankZp(SQ) = rankZp(SP) and the
term CαQ in (3.3) satisfies CαQ = CαP for m≫ 0. Letting m→∞ we thus deduce
ordP
(
charΛ(Xtors
))
6 2 ordP(fΛ),
for P 6= (p),P0, yielding the divisibility in part (ii).
Corollary 3.4.2. Let the hypotheses be as in Theorem 3.4.1. Assume also that H1F (K,E[p
∞]) has Zp-corank
one (equivalently, H1F (K,Tp(E)) has Zp-rank one). Then charΛ(M) divides charΛ
(
H1FΛ(K,T)/Λκ1
)
in Λ[1/p].
Proof. The assumption that H1F (K,E[p
∞]) has Zp-corank one implies that Xtors/P0Xtors is a torsion Zp-
module and hence that ordP0(charΛ(Xtors)) = 0.
4. Proof of Theorem C and Corollary D
4.1. Preliminaries. Let E, p, and K be as in §3.2, and assume in addition that hypotheses (Heeg) and (disc)
hold. Fix an integral ideal N ⊂ OK with OK/N = Z/NZ. For each positive integer m prime to N , let K[m]
be the ring class field of K of conductor m, and set
G[m] = Gal(K[m]/K[1]), G[m] = Gal(K[m]/K).
Let also Om = Z+mOK be the order of K of conductor m.
By the theory of complex multiplication, the cyclic N -isogeny between complex CM elliptic curves
C/OK → C/(N ∩ Om)−1
defines a point xm ∈ X0(N)(K[m]), and fixing a modular parameterization π : X0(N) → E we define the
Heegner point of conductor m by
P [m] := π(xm) ∈ E(K[m]).
Building on this construction, one can prove the following result.
Theorem 4.1.1. Assume E(K)[p] = 0. Then there exists a Kolyvagin system κHg ∈ KS(T,FΛ,LE) such
that κHg1 ∈ H1FΛ(K,T) is nonzero.
Proof. Under the additional hypotheses that p ∤ hK , the class number of K, and the representation GK →
AutZp(T ) is surjective, this is [How04, Thm. 2.3.1]. In the following paragraphs, we explain how to adapt
Howard’s arguments to our situation.
We begin by briefly recalling the construction of κHg in [How04, §2.3]. Let Kk be the subfield of K∞ with
[Kk : K] = p
k. For each n ∈ N set
Pk[n] := NormK[npd(k)]/Kk[n](P [np
d(k)]) ∈ E(Kk[n]),
where d(k) = min{d ∈ Z>0 : Kk ⊂ K[pd(k)]}, and Kk[n] denotes the compositum of Kk and K[n]. Letting
Hk[n] ⊂ E(Kk[n])⊗Zp be the Zp[Gal(Kk[n]/K)]-submodule generated by P [n] and Pj [n] for j 6 k, it follows
from the Heegner point norm relations [PR87, §3.1] that one can form the G(n)-module
H[n] := lim←−
k
Hk[n].
By [How04, Lem. 2.3.3], there is a family
{Q[n] = lim←−
k
Qk[n] ∈ H[n]}n∈N
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such that
(4.1) Q0[n] = ΦP [n], where Φ =
{
(p− apσp + σ2p)(p− apσ∗p + σ∗2p ) if p splits in K,
(p+ 1)2 − a2p if p is inert in K,
with σp and σ
∗
p the Frobenius elements at the primes above p in the split case, and
NormK∞[nℓ]/K∞[n]Q[nℓ] = aℓQ[n]
for all nℓ ∈ N . Letting Dn ∈ Zp[G(n)] be Kolyvagin’s derivative operators, and choosing a set S of represen-
tatives for G(n)/G(n), the class κ(n) ∈ H1(K,T/InT) is defined as the natural image of
(4.2) κ˜n :=
∑
s∈S
sDnQ[n] ∈ H[n]
under the composite map(
H[n]/InH[n]
)G(n) δ(n)−−−→ H1(K[n],T/InT)G(n) ≃←− H1(K,T/InT),
where δ(n) is induced by the limit of Kummer maps δk(n) : E(Kk[n]) ⊗ Zp → H1(Kk[n], T ), and the second
arrow is given by restriction. (In our case, that the latter is an isomorphism follows from the fact that the
extensions K[n] and Q(E[p]) are linearly disjoint, and E(K∞)[p] = 0.)
The proof that the classes κn land in H
1
FΛ(K,T) and can be modified to a system κ
Hg = {κHgn }n∈N satisfying
the Kolyvagin system relations is the same as in [How04, Lem. 2.3.4] et seq., noting that the arguments proving
Lemma 2.3.4 (in the case v|p) apply almost verbatim in the case when p divides the class number of K. Finally,
that κHg1 is nonzero follows from the works of Cornut and Vatsal [Cor02,Vat03].
Remark 4.1.2. For our later use, we compare the class κHg1 ∈ H1FΛ(K,T) from Theorem 4.1.1 with the Λ-adic
class constructed in [CH18, §5.2] (taking for f the newform associated with E).
Denote by α the p-adic unit root of x2−apx+p. With the notations introduced in the proof of Theorem 4.1.1,
define the α-stabilized Heegner point P [pk]α ∈ E(K[pk])⊗ Zp by
(4.3) P [pk]α :=


P [pk]− α−1P [pk−1] if k > 1,
u−1K
(
1− α−1σp
)(
1− α−1σ∗p
)
P [1] if k = 0 and p splits in K,
u−1K
(
1− α−2)P [1] if k = 0 and p is inert in K.
Using the Heegner point norm relations, a straightforward calculation shows that the points α−kP [pk]α are
norm-compatible. Letting δ : E(Kk)⊗ Zp → H1(Kk, TpE) be the Kummer map, we may therefore set
κ∞ := lim←−
k
δ(κk) ∈ lim←−
k
H1(Kk, TpE) ≃ H1(K,T),
where κk = α
−d(k)NormK[pd(k)]/Kk(P [p
d(k)]α). The inclusion κ∞ ∈ H1FΛ(K,T) follows immediately from the
construction. For the comparison with κHg1 , note that by (4.2) the projection prK(κ
Hg
1 ) of κ
Hg
1 to H
1(K,TpE)
is given by the Kummer image of NormK[1]/K(Q0[1]), while κ0 is the Kummer image of NormK[1]/K(P [1]α).
Thus comparing (4.1) and (4.3) we see that
(4.4) prK(κ
Hg
1 ) =
{
uKα
2(β − 1)2 · κ0 if p splits in K,
uKα
2(β2 − 1) · κ0 if p is inert in K,
where β = pα−1. In particular, κ∞ and κ
Hg
1 generate the same Λ-submodule of H
1
FΛ(K,T).
4.2. Proof of the Iwasawa main conjectures. Let κ∞ ∈ H1FΛ(K,T) be the Λ-adic Heegner class introduced
in Remark 4.1.2.
Proposition 4.2.1. Assume that p = vv¯ splits in K and that E(K)[p] = 0, and let Λ′ denote either Λ or
Λ[1/p]. Then the following statements are equivalent:
(i) Both H1FΛ(K,T) and H
1
FΛ(K,ME) have Λ-rank one, and the divisibility
charΛ(H
1
FΛ(K,ME)
∨
tors) ⊃ charΛ
(
H1FΛ(K,T)/Λκ∞
)2
holds in Λ′.
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(ii) Both SE and XE are Λ-torsion, and the divisibility
charΛ(XE)Λ
ur ⊃ (LE)
holds in Λ′⊗ˆZpZurp
Moreover, the same result holds for the opposite divisibilities.
Proof. See [BCK19, Thm. 4.4], whose proof still applies after inverting p.
We can now conclude the proof of Theorem C in the introduction.
Theorem 4.2.2. Suppose K satisfies hypotheses (Heeg), (spl), (disc), and (Sel), and that E[p]ss = Fp(φ) ⊕
Fp(ψ) as GQ-modules, with φ|Gp 6= 1, ω. Then XE is Λ-torsion, and
charΛ(XE)Λ
ur = (LE)
as ideals in Λur.
Proof. By Theorem 4.1.1, we can appeal to Theorem 3.4.1 and especially Corollary 3.4.2 with κ = κHg, and
so the modules H1FΛ(K,T) and H
1
FΛ(K,ME)
∨ have both Λ-rank one, with
charΛ
(
H1FΛ(K,ME)
∨
tors
) ⊃ charΛ(H1FΛ(K,T)/ΛκHg1 )2
as ideals in Λ[1/p]. Since by Remark 4.1.2 the classes κHg1 and κ∞ generate the same Λ-submodule of
H1FΛ(K,T), by Proposition 4.2.1 it follows that XE is Λ-torsion, with
charΛ(XE)Λ
ur ⊃ (LE)
as ideals in Λur[1/p]. This divisibility, together with the equalities λ(XE) = λ(LE) = 0 and λ(XE) = λ(LE)
in Theorem 2.2.3, yields the result.
As a consequence, we can also deduce the first cases of Perrin-Riou’s Heegner point main conjecture [PR87]
in the non-CM residually reducible case (i.e., Corollary D in the introduction).
Corollary 4.2.3. Suppose K satisfies hypotheses (Heeg), (spl), (disc), and (Sel), and that E[p]ss = Fp(φ) ⊕
Fp(ψ) as GQ-modules, with φ|Gp 6= 1, ω. Then both H1FΛ(K,T) and H1FΛ(K,ME)∨ have Λ-rank one, and
charΛ(H
1
FΛ(K,ME)
∨
tors) = charΛ
(
H1FΛ(K,T)/Λκ∞
)2
.
Proof. Everything except one of the divisibilities of the characteristic ideals has been shown in Theorem 3.4.1;
the missing divisibility now follows from Theorem 4.2.2 together with Proposition 4.2.1.
Remark 4.2.4. If the Heeger point PK = NormK[1]/K(P [1]) ∈ E(K) is non-torsion, then (Sel) holds by the
main results of [Kol88]. In particular, this is so if the image prK(κ
Hg
1 ) of κ
Hg
1 (equivalently, the class κ0) in
H1F (K,Tp(E)) is non-zero (as H
1
F (K,Tp(E)) is non-torsion since E[p](K) = 0).
5. Proof of Theorem E and Theorem F
5.1. Preliminaries. Here we collect the auxiliary results we shall use in the next sections to deduce Theo-
rems E and F in the introduction from our main result, Theorem 4.2.2.
5.1.1. Anticyclotomic control theorem. As in [JSW17, §2.2.3], define the anticyclotomic Selmer group of W =
E[p∞] by
H1Fac(K,W ) = ker
{
H1(KΣ/K,W )→
∏
w∈Σ
H1(Kw,W )× H
1(Kv,W )
H1(Kv,W )div
×H1(Kv¯,W )
}
,
where H1(Kv,W )div ⊂ H1(Kv,W ) denotes the maximal divisible submodule and Σ = {w : w | N}.
The following result is a special case of the “anticyclotomic control theorem” of [JSW17, §3].
Theorem 5.1.1. Assume that
• E(K)[p] = 0 and E(Qp)[p] = 0,
• rankZE(K) = 1,
• #W(E/K)[p∞] <∞.
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Then XE is a torsion Λ-module, and letting FE ∈ Λ be a generator of charΛ(XE), we have
#Zp/FE(0) = #W(E/K)[p∞] ·
(
#(Zp/(
1−ap+p
p ) · logωEP )
[E(K) : Z · P ]p
)2
·
∏
w|N
cw(E/K)p,
where
• P ∈ E(K) is any point of infinite order,
• logωE : E(Kv)/tors → Zp is the formal group logarithm associated to a Ne´ron differential ωE,
• [E(K) : Z · P ]p denotes the p-part of the index [E(K) : Z · P ],
• cw(E/K)p is the p-part of the Tamagawa number of E/Kw.
Proof. This follows from the combination of Theorem 3.3.1 and equation (3.5.d) in [JSW17, (3.5.d)], noting
that the arguments in the proof of those results apply without change with the GK -irreducibility of E[p]
assumed in loc.cit. replaced by the weaker hypothesis that E(K)[p] = 0.
5.1.2. Gross–Zagier formulae. Let E/Q be an elliptic curve of conductor N , and fix a parametrization
π : X0(N)→ E.
Let K be an imaginary quadratic field satisfying the Heegner hypothesis relative to N , and fix an integral
ideal N ⊂ OK with OK/N = Z/NZ. Let x1 = [C/OK → C/N−1] ∈ X0(N) be the Heegner point of conductor
1 on X0(N), which is defined over the Hilbert class field H = K[1] of K, and set
PK =
∑
σ∈Gal(H/K)
π(x1)
σ ∈ E(K).
Let f ∈ S2(Γ0(N)) be the newform associated with f , so that L(f, s) = L(E, s), and consider the differential
ωf := 2πif(τ)dτ on X0(N). Let also ωE be a Ne´ron differential on E, and let cE ∈ Z be the associated Manin
constant, so that π∗(ωE) = cE · ωf .
Theorem 5.1.2. Under the above hypotheses, L(E/K, 1) = 0 and
L′(E/K, 1) = u−2K c
−2
E ·
√
|DK |
−1 · ‖ωE‖2 · hˆ(PK),
where uK = #(O×K/{±1}), DK < 0 is the discriminant of K, hˆ(PK) is the canonical height of PK , and
‖ωE‖2 =
∫∫
E(C)
|ωE ∧ ω¯E |.
Proof. This is [GZ86, Thm. V.2.1].
Theorem 5.1.3. Under the above hypotheses, let p > 2 be a prime of good reduction for E such that p = vv¯
splits in K. Then
LE(0) = c−2E ·
(
1− app−1 + p−1
)2 · logωE (PK)2.
where logωE : E(Kv)→ Kv is the formal group logarithm associated to ωE.
Proof. Let J0(N) be the Picard variety of X0(N), and set ∆1 = (x1) − (∞) ∈ J0(N)(H). By [BDP13,
Thm. 5.13] specialized to the case k = 2, r = j = 0, and χ = N−1K , we have
LE(0) =
(
1− app−1 + p−1
)2 ·( ∑
σ∈Gal(H/K)
logωf (∆
σ
1 )
)2
,
where logωf : J0(N)(Hv) → Hv is the formal group logarithm associated to ωf . Since logωf (∆1) = c−1E ·
logωE (π(∆1)), this yields the result.
5.1.3. A result of Greenberg–Vatsal.
Theorem 5.1.4. Let A/Q be an elliptic curve, and let p > 2 be a prime of good ordinary reduction for A.
Assume that A admits a cyclic p-isogeny with kernel ΦA, with the GQ-action on ΦA given by a character which
is either ramified at p and even, or unramified at p and odd. If L(A, 1) 6= 0 then
ordp
(
L(A, 1)
ΩA
)
= ordp
(
#W(A/Q) · Tam(A/Q)
#(A(Q)tors)2
)
,
where Tam(A/Q) =
∏
ℓ cℓ(A/Q) is the product over the bad primes ℓ of A of the Tamagawa numbers of A/Qℓ.
30 FRANCESC CASTELLA, GIADA GROSSI, JAEHOON LEE, AND CHRISTOPHER SKINNER
Proof. By [Kol88], if L(A, 1) 6= 0 then rankZA(Q) = 0 and #W(A/Q) < ∞; in particular, #Selp∞(A/Q) =
#W(A/Q)[p∞] <∞. Letting Λcyc = ZpJGal(Q∞/Q)K be the cyclotomic Iwasawa algebra, by [Gre99, Thm. 4.1]
we therefore have
(5.1) #Zp/FA(0) =
#
(
Zp/(1− ap(A) + p)2 ·#W(A/Q) · Tam(A/Q)
)
#
(
Zp/(A(Q)tors)2
) ,
where FA ∈ Λcyc is a generator of the characteristic ideal of the dual Selmer group SelQ∞(TpA, T+p A)∨ in
the notations of [SU14, §3.6.1]. Under the given assumptions, the cyclotomic main conjecture for A, i.e., the
equality
(5.2) (FA) = (LA) ⊂ Λcyc
where LA is the p-adic L-function of Mazur–Swinnerton-Dyer, follows from the combination of [Kat04,
Thm. 12.5] and [GV00, Thm. 1.3]. By the interpolation property of LA,
(5.3) LA(0) =
(
1− α−1p
)2 · L(A, 1)
ΩA
,
where αp ∈ Z×p is the unit root of x2 − ap(A)x + p. Noting that ordp(1 − ap(A) + p) = ordp(1 − α−1p ), the
result thus follows from the combination of (5.1), (5.2), and (5.3).
5.2. Proof of the p-converse. The following is Theorem E in the introduction.
Theorem 5.2.1. Assume that E[p]ss = Fp(φ)⊕ Fp(ψ) with φ|Gp 6= 1, ω. Then
corankZpSelp∞(E/Q) = 1 =⇒ ords=1L(E, s) = 1,
and so rankZE(Q) = 1 and #W(E/Q) <∞.
Proof. Suppose corankZpSelp∞(E/Q) = 1. It follows from a result of Monsky [Mon96] that the root number
w(E/Q) = −1. Choose an imaginary quadratic field K of discriminant DK such that
(a) DK < −4 is odd,
(b) every prime ℓ dividing N splits in K,
(c) p splits in K, say p = vv¯,
(d) L(EK , 1) 6= 0.
The existence of such K (in fact, of an infinitude of them) is ensured by [FH95, Thm. B], since (a), (b),
and (c) impose only a finite number of congruence conditions on DK , and any K satisfying (b) is such that
E/K has root number w(E/K) = w(E/Q)w(EK/Q) = −1, and therefore w(EK/Q) = +1. By work of
Kolyvagin [Kol88] (or alternatively, Kato [Kat04]), the non-vanishing of L(EK , 1) implies that Selp∞(E
K/Q)
is finite and therefore
corankZpSelp∞(E/K) = 1,
That is, E satisfies (Sel). In particular, all the hypotheses of Corollary 4.2.3 hold. As in the proof of
Corollary 3.4.2, the condition that corankZpSelp∞(E/K) = 1 easily implies that ordP0(Xtors) = 0, and so it
then follows from Corollary 4.2.3 that the image of κ1 in H
1(K,TpE) is non-zero. This implies that the Heegner
point PK ∈ E(K) is non-torsion and hence, by the Gross–Zagier formula that ords=1 L(E/K, s) = 1. Since
L(E/K, s) = L(E, s)L(EK , s) and ords=1 L(E
K , s) = 0 by the choice of K, it follows that ords=1 L(E, s) =
1.
Since the hypotheses of Theorem 5.2.1 include E[p](Q) = 0, it is easily seen that Selp(E/Q) ≃ Z/pZ implies
Selp∞(E/Q) ≃ Qp/Zp, that is, corankZpSelp∞(E/Q) = 1. This yields a mod p version of the theorem:
Corollary 5.2.2. Suppose E is as in Theorem 5.2.1. Then
dimFp Selp(E/Q) = 1 =⇒ ords=1L(E, s) = 1,
and so rankZE(Q) = 1 and #W(E/Q) <∞.
For p = 3, Corollary 5.2.2 together with the work of Bhargava–Klagsbrun–Lemke–Shnidman [BKLOS19] on
the average 3-Selmer rank in quadratic twist families, leads to the following result in the direction of Goldfeld’s
conjecture [Gol79].
Corollary 5.2.3. Let E be an elliptic curve over Q with a rational 3-isogeny. Then a positive proportion of
quadratic twists of E have algebraic and analytic rank equal to 1.
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Proof. Denote by φ : GQ → F×3 = µ2 the character giving the Galois action on the kernel of a rational 3-isogeny
of E. As the condition φ|Gp 6= 1, ω can be arranged by a quadratic twist, combining [BKLOS19, Thm. 2.6]
and Corollary 5.2.2, the result follows.
Remark 5.2.4. The qualitative result of Corollary 5.2.3 was first obtained by Kriz–Li (see [KL19, Thm. 1.5]),
but thanks to [BKLOS19] (see esp. [op.cit., p. 2957]) our result leads to better lower bounds on the proportion
of rank 1 twists.
5.3. Proof of the p-part of BSD formula. The following is Theorem F in the introduction.
Theorem 5.3.1. Let E/Q be an elliptic curve, and let p > 2 be a prime of good ordinary reduction for E.
Assume that E admits a cyclic p-isogeny with kernel C = Fp(φ), with φ : GQ → F×p such that
• φ|Gp 6= 1, ω,
• φ is either ramified at p and odd, or unramified at p and even.
If ords=1L(E, s) = 1, then
ordp
(
L′(E, 1)
Reg(E/Q) · ΩE
)
= ordp
(
#W(E/Q)
∏
ℓ∤∞
cℓ(E/Q)
)
.
In other words, the p-part of the Birch–Swinnerton-Dyer formula for E holds.
Proof. Suppose ords=1L(E, s) = 1 and choose, as in the proof of Theorem 5.2.1, an imaginary quadratic field
K of discriminant DK such that
(a) DK < −4 is odd,
(b) every prime ℓ dividing N splits in K,
(c) p splits in K, say p = vv¯,
(d) L(EK , 1) 6= 0.
Then ords=1L(E/K, s) = 1, which by Theorem 5.1.2 implies that the Heegner point PK ∈ E(K) has infinite
order, and therefore rankZE(K) = 1 and #W(E/K) < ∞ by [Kol88]. In particular, (Sel) holds, and so all
the hypotheses of Theorem 4.2.2 are satisfied.
Note that by Theorem 4.2.2, there is a p-adic unit u ∈ (Zurp )× for which
(5.4) FE(0) = u · LE(0),
where FE ∈ Λ is a generator of charΛ(XE).
The hypotheses on φ imply that E(K)[p] = 0, and therefore Theorem 5.1.1 applies with P = PK , which
combined with Theorem 5.1.3 and the relations (4.4) and (5.4) yields the equality
(5.5) ordp
(
#W(E/K)
)
= 2 ordp
(
c−1E u
−1
K · [E(K) : Z.PK ]
)−∑
w∈S
ordp
(
cw(E/K)
)
,
On the other hand, the Gross–Zagier formula of Theorem 5.1.2 can be rewritten as
L′(E/K, 1) = 2tc−2E u
−2
K · hˆ(PK) · ΩE · ΩEK ,
where the power of 2 is given by the number of connected components [E(R) : E(R)0]. This, together with
the relations L(E/K, s) = L(E, s) · L(EK , s) and
hˆ(PK) = [E(K) : Z · PK ]2 · Reg(E/K) = [E(K) : Z · PK ]2 ·Reg(E/Q),
using that rankZE
K(Q) = 0 for the last equality, amounts to the formula
(5.6)
L′(E, 1)
Reg(E/Q) · ΩE ·
L(EK , 1)
ΩEK
= 2tc−2E u
−2
K · [E(K) : Z · PK ]2.
Note that uK = 1, since DK < −4. Since W(E/K)[p∞] ≃ W(E/Q)[p∞] ⊕W(EK/Q)[p∞] as p is odd, and
since ∑
w|ℓ
ordp(cw(E/K)) = ordp(cℓ(E/Q)) + ordp(cℓ(E
K/Q))
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for any prime ℓ (see [SZ14, Cor. 9.2]), combining (5.5) and (5.6) we arrive at
(5.7)
ordp
(
L′(E, 1)
Reg(E/Q) · ΩE ·
∏
ℓ cℓ(E/Q)
)
− ordp(#W(E/Q))
= ordp
(
L(EK , 1)
ΩEK ·
∏
ℓ cℓ(E
K/Q)
)
− ordp
(
#W(EK/Q)
)
.
Finally, by our hypotheses on φ the curve EK satisfies the hypotheses of Theorem 5.1.4, and hence the
right-hand side of (5.7) vanishes, concluding the proof of Theorem 5.3.1.
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